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PREFACE. 



Most persons do not possess, and do not easily acquire, the 
power of abstraction requisite for apprehending the Geometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of beginners in Geometry, it depends mainly upon the form in 
which the subject is presented whether they pursue the study 
with indiflference, not to say aversion, or with increasing interest 
and pleasure. 

In compiling the present treatise, this fact has been kept con- 
stantly in view. All unnecessary discussions and scholia have 
been avoided ; and such methods have been adopted as experi- 
ence and attentive observation, combined with repeated trials, 
have shown to be most readily comprehended. No attempt has 
been made to render more intelligible the simple notions of 
position, magnitude, and direction, which every child derives 
from observation ; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, which stand for words and not for operations, 
have been used, but these are of so great utility in giving style 
and perspicuity to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are large and distinct, and are placed in the middle 
of the page, so that they fall directly under the eye in imme- 
diate connection with the correspondinoj text. The given lines 
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of the figures are full lines, the lines employed as aids in the 
demonstrations are short-dotted, and the resulting lines are long- 
dotted. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. -The reason for each step 
is indicated in small type between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
of the section, however, on which the reason depends is placed 
at the side of the page. The constituent parts of the propo- 
sitions are carefully marked. Moreover, each distinct assertion in 
tJie demonstrations, and each particular direction in the construc- 
tions of the figures, begins a new line ; and in no case is it neces- 
sary to turn the page in reading a demonstration. 

This arrangement presents obvious advantages. The pupil 
perceives at once what is given and what is required, readily 
refers to the figure at every step, becomes perfectly familiar with 
the language of Geometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly be 
considered as corollaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a coroUary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is mastering the subjects of his reading. 
Some of these exercises have been placed in the early part of 
the work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicious labor ; 
but to learn their uses and applications, and to acquire a readi- 
ness in exemplifying their utility, is to derive the full benefit 
of that mathematical training which looks not so much to the 
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attainment of information as to the discipline of the mental fac- 
ilities. 

It only remains to express my sense of. obligation to Da. 
D. F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWOEXa 

Phillips Exeteb Academy, 
Januaiy, 1878. 



NOTE TO THIRD EDITION. 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Ratio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THE TEACHER. 

When the pupil is reading each Book for the first time, it will be 
well to let him write his proofs on the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work), and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and will allow a brief interval for deliberating on each step. 

After a Book has been read in this way the pupil should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the figure every line and angle named. He should be 
encouraged, in reviewing each Book, to do the original exercises ; to 
state the converse of propositions ; to determine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ; and also to give well-considered answers 
to questions which may he asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrixiaUy and 
arithmetically, the principles of limits. Thus a rectangle with a 
constant base 6, and a variable altitude x, will afford an obvious 
illustration of the axiomatic truth contained in [4], page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of the rectangle a 6 as a 
limit ; if, however, x decrease and approach zero as a limit, the area 
of the rectangle decreases and approaches zero for a limit. An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If, for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^, ^^g-, ^fl^, T^Mnr> ®*c» ^^^ 
these values multiplied by 60 give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into ^ (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
series, ^, ^^, -g-gVs"* aoiao ? ®^^-> which approaches zero as a limit, 
we shall get the decreasing series, 2, ^, -g*jj-, -j^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examina- 
tions. These should not be too difficult, and sujfficient time should 
be allowed for accurately constructing the figures, for choosing the 
best language, and for determining the best arrangement. 

The time necessary for the reading of examination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G. A. W. 

Phillips Exeter Academy, 
January, 1879. 
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BOOK I. 

BECTILINEAB FIGURES. 

Intboductory Remabks. 

A ROCGH block of marble, under the stoiie-cutter's hammer, 
may be made to assume regularity of form. 

If a block be cut in tbe shape repre- 
sented in this diagram. 

It will have six flat faces. 

Each face of the block ia called a Sur- 
face. 

If these surfaces be made smooth by pol- 
ishing, so that, when a straight-edge is applied to any one of 
them, the straight-edge in every part will touch the surface, the 
surfaces are called Plane Surfaces. 

The sharp edge in which any two of these surfaces meet is 
called a lAne. 

Tbe place at which any three of these lines meet is called a 
Point. 

If now the block be removed, we may think of the place 
occupied by the block aa being of precisely the same shape and 
size as the block itself; also, as having surface! or boundaries 
which separate it from, surrounding apace. "We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
or limits. 

A Solid, as the term is used in Geometry, is a limited por- 
tion, of apace. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conceive of surfaces apart from solids, and 
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suppose them of unlimited extent. Likewise we can conceive of 
lines apart from surfaces, and suppose them of wilimited length; 
of points apart from lines as having posUion, but no extent. 

Definitions. 

1. Def. Space or Extension has three Dimensions^ called 
Length, Breadth, and Thickness. 

2. Def. A Point has position without extension. 

3. Def. A Line has only one of the dimensions of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Def. A Surface has only two of the dimensions of ex- 
tension, length and breadth. 

A surface may be conceived as generated by a line in motion. 

5. Def. A Solid has the three dimensions of extension, 
length, breadth, and thickness. Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright 
surface A BC D move to the right to 
the position E F H K. The points 

A, B, C, and D will generate the lines ^ ' ^ 

AE,BF,CK, and D H respectively. O K 

And the lines AB, B D, DC, and A C will generate the sur- 
faces A F, BE, D K, and A K respectively. And the surface 
ABC D will generate the solid A H. 

The relative situation of the two points A and H involves 
three^ and only three, independent elements. To pass from A to H 
it is necessary to move East (if we suppose the direction A E to 
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be due East) a distance equal to A £, North a distance equal to 
BFy and down a distance equal to FH. 

These three dimensions we designate for convenience length, 
breadth, and thickness. 

6. The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids are surfaces. 

7. Dbf. Extension is also called MagniiuJe, 

When reference is had to extent^ lines, surfaces, and solids are 
called magnitudes. 

8. Dep. a Straight line is a line which has 
the same direction throughout its whole extent. 

9. Dep. A Curved line is a line which changes 
its direction at every point. 

10. Def. a Broken line is a series of con- 
nected straight lines. 

When the word line is used a straight line is meant; and 
when the word curve is used a curved line is meant. 

1 L Dep. A Plane Surface, or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Dep. A Curved Surface is a surface no part of which 
13 plane. 

13. Figure ot form depends upon the relative position of 
points. Thus, the figure or form of a line (straight or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the relative position of 
points in that surface. 

When reference is had to form or shape, lines, surfaces, and 
solids are called figures. 
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1 4. Dbp. a Plane Figure is a figure, all points of which 
are in the same plane. 

15. Def. Geometry is the science which treats of j)osition, 
magnitvdef and form. 

Points, lines, surfeces, and solids, with their relations, are 
the geometrical conceptions, and constitute the subject-matter of 
Geometry. 

16. Plane Geometry treats of plane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed by straight lines are called rectilinear 
figures ; those formed by curved lines are called curvilinear fig- 
ures ; and those formed by straight and curved lines are called 
mixtilinear figures. 

17. Def. Figures which have the same form kre called 
Similar Figures. Figures which have the same extent are called 
Equivalent Figures. Figures which have the same form and 
extent are called Equal Figures. 



On Straight Lines. 

18. If the direction of a straight line and a point in the 
line be known, the position of the line is known ; that is, a 
straight line is determined in position if its direction and one of 
its points be known. 

Hence, all straiglU lines which pass through the same point in 
tlte same direction coin^dde. 

Between two points one, and but one, straight line can be 
drawn ; that is, a straight line is determined in position if ttvo of 
its points he known. 

Of all lines between two points, the shortest is the stmight 
line ; and the straight line is called the distance between the 
two points. 



DEFINITIONS. 



The point from which a line is drawn is called its origin, 

19. K a line, sls C B, £_Jl__?, be produced through C, 
IJie portions CB and CA may be regarded as different lines 
having opposite directions from the point C, 

Hence, every straight line, as A B, d ?, has two opposite 

directions, namely from A toward B, which is expressed by say- 
ing line A B, and from B towarfl A, which is expressed by 
saying line B A. 

20. If a straight line change its magnitude, it must become 
longer or shorter. Thus by prolonging A B to C, ^ ^ ^ 



1- f 

AC = AB-\-BC; and conversely, ^(7 = ^ (7 — ^^. 

If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is rmdtiplied, and the result- 
ing line is called a multiple of the given line. - Thus, \i A B = 

BC = OD, etc., ^ f ^ 5._f, then AC=2AB, AD = 

3AB, etc. 

It must also be possible to divide a given straight line into an 
assigned number of equal parts. For, assumed that the 7ith 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth. part would not be attainable. Among 
these multiples, however, we should reach the nth multiple of 
this wth part, that is, the line itself. Hence, the line itself would 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it is alioays possible to add, subtract, mvltiply, and 
divide lines of given length, 

21. Since every straight line has the property of direction, 
it must be true that two straight lines have either the same 
direction or different directions. 

Two straight lines which have the same direction, voithout coin- 
ciding, can v£ver meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Tvjo straight lines which lie in the same plane and have 
(liferent directioTis must meet if atifficiently prolonged ; and must 
have one, and but one, point in common. 

Conversely : Two straight lines lying in the same plane which 
do not meet have the same direction; for if they had diflferent 
directions they would meet, which is contrary to the hypothesis 
that they do not meet. 

Two straight lines which meet have different directions; for 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Def. An Angle is the difference in direction of two 
lines. The point in which the lines (prolonged if necessary) 
meet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the three let- 
ters, putting the letter at the vertex between the other two. When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 

B 





Fig. 1. 

calling it angle A. But in Fig. 2, H is the common vertex of 
two angles, so that if we were to say the angle H, it would not 
be known whether we meant the angle marked 3 or that 
marked 4. We avoid all ambiguity by reading the former as 
the angle E H D, and the latter as the angle E H F. 
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The magnitude of an angle depends wholly upon the extent 
of opening of its sides, and not upon their B 

length. Thus if the sides of the angle BAGy 
namely, A B and A C, be prolonged, their 

extent of opening'vn}! not be altered, and the A^ C 

size of the angle, consequently, will not be 
changed. 

24. Def. Adjacent Angles are angles 
having a common vertex and a common 
side between them. Thus the angles 
C D E and CDF are adjacent angles. 



E 



D 



c- 



D 




25. Def. A Right Angle is an angle included between two 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 

through the vertex are equal. Thus if the 
straight lino A B meet the straight line C D 
so that the adjacent angles ABC 2.tA ABD 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Dep. Perpendicular Lines are lines 
which make a right angle with each other. 

27. Def. An Aciite Angle is an angle 
less than a right angle ; as the angle B AC 

28. Def. An Obtuse Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Dep. Acute and obtuse angles, in 
distinction from right angles, are called ob- 
lique angles ; and intersecting lines which are not perpendicular 
to each other are called oblique lines, ^ 

30. Dbp. The Complement of an angle is 
the difference between a right angle and the 
given angle. Thus A B D is the complement 
of the angle D B C ; also D B C ia the com- 
plement of the angle ABD, 
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31. Def. The Supplement of an angle 
is the difference between two right angles 
and the given angle. Thus AC D \& the 
supplement of the angle DC B; also D C B 
is the supplement of the angle AG D. 

32. Def. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles AO D and COB a.ve 
vertical angles, as also the angles AO C 
And DOB. 



A 
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B 




On Angular Magnitude. 




33. Let the lines B B' and A A' be in 
the same plane, and let B B* be perpen- 
dicular to ^ ^' at the point 0. 

Suppose the straight line C to move 
in this plane from coincidence with A, 
about the point as a pivot, to the po- 
sition C ; then the line C describes or 
generates the angle AO C 

The amount of rotation of the line, from the position A to 
the position C, is the Angular Magnitude AOC. 

If the rotating line move from the position -4 to the po- 
sition B, perpendicular to A, it generates a right angle ; to 
the position A' it generates two right angles ; to the position 
OB', as indicated by the dotted line, it generates three right 
angles; and if it continue its rotation to the position A, 
whence it started, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right angles. 
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Fig. 1. 

34. "Now since the angular magnitude about the point is 
neither increased nor diminished by the number of lines which 
radiate from that point, the sum of all the angles ahovt a point 
in a plane, as AO B+.BO C+ C D, etc., in Fig. 1, is equal 
to four right angles ; and the sum of all the angles about a point 
on one side of a straight line drawn through that point, as 
AOB-^-BOC+COD, etc., Fig. 2, is equal to ttvo Hght 
angles. 

Hence two adjacent angles, OCA and OC B, 
formed by two straight lines, of which one is 
produced from the point of meeting in both di- 
rections, are supplements of each other, and may j[ 
be called supplementary adjacent angles. 
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On the Method of Superposition. 

35. The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume t]iat a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
without altering the difference in direction of its sides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, ABC and J' B* C\ Let 
the side B C be placed on the side 
E C, so that the vertex B shall fall on B\ then if the side B A 
fall on B' A% the angle ABC equals the angle A' B' C ) if the 
side B A fall between B' C and B' A* in the direction B' Z>, the 
angle A B C is less than A' B' C ; but if the side B A fall in the 
direction B'E, the angle A B Cia greater than A^ B' C, 

This method of superposition en- ^ q 

ables us to add magnitudes of the 

same kind. Thus, if we have two c Z) 

straight lines AB and CD, by ^ ^ 

placing the point C on B, and keeping (7 Z) in the same direc- 
tion with A By we shall have one continuous straight line A D 
equal to the sum of the lines A B 
and C D. 

Again : if we have the angles 
ABC and D E F, by placing 
the vertex B on E and the side 
BC in the direction of E Dy the 
angle ABC will take the position 
A ED, and the angles DEF and 
ABC will together equal the an- 
gle A EF. 




Mathematical Terms. 

36. Def. a Demonstration is a course of reasoning by which 
the truth or falsity of a particular statement is logically established. 

37. Def. A Theorem is a truth to be demonstrated. 

38. Def. A Construction is a graphical representation of 
a geometrical conception. 

39. Def. A Problem is a construction to be effected, or a 
"lestion to be investigated. 
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40. Dbp. An Axiom is a truth which is admitted without 
demonstration. 

41. Def. a Postulate is a problem which is admitted to 
be possible. 

42. Def. A Proposition is either a theorem or a problem. 

43. Def. A Corollary is a truth easily deduced from the 
proposition to which it is attached. 

44. Def. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Def. An Hypothesis is a supposition made in the 
enunciation of a proposition, or in the course of a demonstration. 

46. Axioms. 

1. Tilings which are equal to the same thing are equal to each 

other. 

2. When equals are added to equals the sums are equal. 

3. When equals are taken from equals the remainders are equal. 

4. When equals are added to unequals the sums are unequal. 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal thiugs, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to all its parts taken together. 

47. Postulates. 

Let it be granted — 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described about any 

centre, at any distance from that centre. 
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48. Symbols and Abbreviations. 



.'. therefore. 

= is (or are) equal to. 

Z angle. 

A angles. 

A triangle. 

A triangles. 
II parallel. 

O parallelogram 

fU parallelograms. 

J_ perpendicular. 

J? perpendiculars. 
rt. Z right angle. 
rt. A right angles. 

> is (or are) greater than. 

< is (or are) less than, 
rt. A right triangle, 
rt. A right triangles. 

O circle. 

(D circles. 

+ increased by. 

— diminished by. 

X multiplied by. 

-^ divided by. 



Post, postulate. 

Def. definition. 

Ax. axiom. 

Hyp. hypothesis. 

Cor. corollary. 

Q. K D. quod erat demonstran- 
dum. 

Q. E. F. quod erat faciendum. 

Adj. adjacent. 

Ext.-int. exterior-interior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. supplementary-adja- 
cent. 

Ex. exercise. 

111. illustration. 
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On Pebpendiculab and Oblique Lines. 

Pbofosition I. Theobem. 

49. When one straight line crosses another straight line 
the vertical angles are equal. 




Let line OP cross AB atO. 

We are to prove Z OCB^ Z. A C P. 

Z0CA + Z0CB = 2 It, A, § 34 

{being sup.-cufj. A). 

Z OCA-\-Z ACP==2TtA, § 34 

(being sup. -adj. A). 

.'.ZOOA + ZOCB = ZOCA + ZACP. Ax. 1. 

Take away from each of these equals the common ZOC A, 
Then ZOCB=^ZACP. 

In like manner we may prove 

ZACO^ZPCB. 

Q. E. D. 

50. CoBOLLART. If two Straight lines cut one another, the 
four angles which they make at the point of intersection are 
together equal to four right angles. 
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Proposition II. Theorem. 

51. When the sum of two adjacent angles is equal to two 
right angles, their exterior sides form one and the same 
straight line. 



Let the adjacent angles Z0CA + Z0CB=^2rt. A. 
We are to prove A C and C B in the same straight line. 
Suppose (7 -F to be in the same straight line with A C. 

Then /:0CA + Z.0CF-=-2 rt, A. § 34 

{heiiig sup.-adj. A ). 

But Z Oa^ + Z 0(75 = 2rt. A Hyp. 

.-.Z OCA + Z OCF-=Z OCA + Z OCB, Ax. 1. 

Take away from each of these equals the common Z. C A, 

Then Z0CF=Z0CB, 

,\ C B and (7^ coincide, and cannot form two lines as rep- 
resented in the figure. 

,\ AC and (7 -5 are in the same straight line. 

Q. E. D. 
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Proposition III. Theorem. 

52. A perpendicular measures the shortest distance from 
a point to a straight line. 




Let AB he the given straight line, C the given point, 
and C the pezpendicular. 

We are to prove C <<c. <^^^y ^^^^'^ ^^^^ drawn from C to A B^ 
as C F. 

Produce C to E, making E = C 0. 

Draw EF, 
On A Boa an axis, fold over (7 jP until it comes into the 
plane of E F, 

TJie line C will take the direction of E, 
(since Z COF= ZEOF, each being a rt. /,). 

The point C will fall upon the point E^ 
{since = E by cons. ). 
.Mine(7i^=line7^^, 
{haviTig their extremities in the same points), 

,\ CF-^ FE=^2 CF, 
00+ 0E=2 00, 

00+ 0E< 0F+ FE, 

{a straight line is the shortest distance between two points). 

Substitute 2 for + E, 

and 2 OFioT 0F+ FE; then we have 

2 00< 2 OF, 

.-. 00 < OF, 

Q. E. D. 



§ 18 



and 
But 



Cons. 
§ 18 
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Proposition IV. Theorem. 

58. Ttvo oblique lines drawn from a point in a perpen- 
dicular , cutting off equal distances from the foot of the per- 
pendicular^ are equal. 




Let F C be the perpendicular, and C A and C two 
oblique lines cutting: off equal distances from F. 



We are to prove C A =^ C 0. 

Fold over C FA, on CF as an axis, until it comes into the 
plane oiCFO. 

FA will take the direction of FO, 
{since Z. C FA =^ Z.C FO, each being art. Z), 

Point A will fall upon point 0, 
iFA = FO, by hyp.). 



.-.line CA = line CO, 
{their extremities being the saiuve points). 



§18 



ct. e. D. 
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Proposition V. Theorem. 

54. The sum of two lines drawn from a point to the ex- 
tremities of a straight line is greater tlian the sum of two 
other lines similarly drawn, but included by them. 




Let C A and C B be t-wo lines drawn from the point C 
to the extremities of the straight line A B, Let A 
and B be two lines similarly drawn, but included 
byCA andCB. 

We are to prove CA'\-CB>OA-^OB. 

Produce AO to meet the line C B dX E, 
Then AC+ CE>AO^ OE, §18 

(a straight line is the sh-ortest distance between two points), 
and BE-\'OE>BO, §18 

Add these inequalities, and we have 
CA + CE'\'BE+OE>OA + OE'\'OB. 
Substitute foi CE+ BE its equal C B, 
and take away E from each side of the inequality. 
We have CA + CB>OA + OB. 

Q. E. D. 
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Proposition VL Theorem. 

55. Of two oblique lines drawn from the same point in a 
perpendicular, cutting off unequal distances from the foot of 
the perpendicular , the more remote is the greater. 

C 




» 9 



E 

Let C F be perpendicular to A B, and C K and C H two 
oblique lines cutting off unequal distances from F, 

We are to prove C H > C K, 

Produce C F to E, making FE -= C F. 
BvsLW E E md E ff, 
CH = HE, and CK = KE, § 53 

{pwo oblique, lines drawn from the same point in a ±, cutting off eqiial dis- 
tances from the foot of the ±, are equal). 

But CH+HE>CK-^KE, §54 

{The sum of two oblique lines drawn from a point to the extremities of a 
straight line is greater than the sum of two other lines similarly drawn, 
but included by them) ; 

.-.2 GH>2 CK; 
.\CH>CK, 

Q. E. D. 

56. Corollary. Only two equal straight lines can be drawn 
from a point to a straight line ; and of two unequal lines, the 
greater cuts off the greater distance from the foot of the perpen- 
dicular. 
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Proposition VII. Theorem. 

57. Two equal oblique lines, drawn from the same point 
in a perpendicular y cut off equal distances from the foot of 
the perpendicular. 




Let C F be the pezpenidicular, and C E and C K he two 
equal oblique lines drawn from the point C. 

We are to prove FE= FK, 

Fold over C F A on (7^ as an axis, nntil it comes into the 
plane of C FB. 

The line FE will take the direction F K, 
{A CFE= A CFK, each being a rt. Z). 

Then the point E must fall upon the point K ; 

otherwise one of these oblique lines must be more remote from 

the ±, 

and .*. greater than the other; which is j^ontraiy to the 

hypothesis. § 55 

.\FE = FK. 

Q. E. D. 
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Proposition VIIL Theorem. 

58. If at the middle point of a straight line a perpen- 
dicular be erected, 

I. Any point in the perpendicular is at equal distances 
from the extremities of the straight line, 

II. Any point without the perpendicular is at unequal 
distances from the extremities of the straight line. 




Let P R be & perpendicular erected at the middle oi 
the straight line AB, any point in P R, and C any 
point without PR. 



I. 



We are to prove 
Since 



Draw OA and OB. 
OA = OB. 
PA=PB, 



OA = OB, §53 

{two oblique lines dravm from the same point in a JL, cutting off equal (US' 

tances/rom the foot of the J_, are equal). 



11. 



Draw CA and CB. 



We are to prove C A and C B unequal. 

One of these lines, as CA, will intersect the J_. 
From 2), the point of intersection, draw D B. 
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DB=^DA, §53 

(twc oblique lines dravm from, the sarM point ina X, cutting off equal dis" 

tances from the foot of the ±» areequaX^, 

CB<CD + DB, §18 

{a straight line is the shortest distance between ttco points). 

Substitute for 2) J9 its equal D A, then 
CBKCD-^-DA. 
But CD + DA^CA, Ax. 9. 

.\GB<CA. 

Q. E. D. 

59. The Locus of a point is a line, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a straight line determine the perpendicular at the middle 
point of that line. 



Ex. 1. If an angle be a right angle, what is its complement] 

2. If an angle be a right angle, what is its supplement 1 

3. If an angle be f of a right angle, what is its complement 1 

4. If an angle be J of a right angle, what is its supplement 1 

5. Show that the bisectors of two vertical angles form one 
and the same straight line. 

6. Show that the two straight lines which bisect the two 
pairs of vertical angles are perpendicular to each other. 
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Proposition IX. Theorem. 

61. Al a point in a straight line only one perpendicular 
to that line can be drawn ; and from a point without a 
straight line only one perpendicular to that line can be drawn, 

AE A F 




O B D C EB D 

Fig. 1. Fig. 2. 

Let BA (Jig. 1) be perpendicular to C D at the point B. 

We are to prove B A the only perpendicular to C D at the 
point B. 

If it be possible, let B EhQ another line _L to (7 Z> at j5. 
Then Z j^^D is a rt. Z. §26 

But Zii^Z)i8art. Z. §26 

.'.Z EBD = Z ABD. Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 
In like manner it may be shown that no other line but BA 
is ± to CD at B. 

Let AB {fig. 2) be perpendicular to CD from the point A. 

We are to prove A B the only l^toCD from tJie point A, 

If it be possible, let ^ -^ be another line drawn from A X 
to CD, 

Conceive Z ^ ^ j5 to be moved to the right until the ver- 
tex E falls on B, the side E B continuing in the line C D. 

Then the line E A will take the position B F, 

Now if ^ ^be ± to CD, BFis ± to CD, and there will 
be two Js. to G D a.t the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
^ J? is J- to CD from A, q^ e d 

62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of meeting to the same line ; which 
is impossible. 
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On Parallel Lines. 

63. Parallel Lines are straight lines which lie iu the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Two parallel lines cannU meet § 21 

65. Two lines in the same plane perpendicular to a given 
line have the same direction (§ 62), and are therefore parallel, 

66. Through a given point only one line can be draum par- 
allel to a given line, § 18 




If a straight line BF cut two other straight lines AB 
and C B, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. 

The angles 2, 3, 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called Alternate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Altemate- 
exterior angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called Extetior-inierior angles. 
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Proposition X. Theorem. 

67. If a straight line be perpendicular to one of two 
parallel lines, it is perpendicular to the other. 

H 



A 



M 



O 






K 



■N 



Let A B and E F be two parallel lines, and let UK be 
perpendicular to A B. 

We are to prove HK l.to EF, 

Through C draw MN ± to HK 

Then MNisWtoAB, §65 

(Two lilies in the same plane X to a giveii line are parallel). 

But ^i^ is II to ^^, Hyp. 

.•. jE^^ coincides with M JV. § 66 

{ThroiLgh the same point only one line can he dravm Wto a given line), 

.\EFis±to HK, 



that is 



HK is ± to EF. 



Q. E. D. 
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Proposition XL Theorem. 

68. If two parallel straight lines be cut by a third 
straight line the alternate-interior angles are equal, 

A B ^ 



"Pet E F and GH be two parallel straight lines cut by 

the line BO, 

We are to prove Z.B = Z.C. 

Through 0, the middle point of B C, draw AD±toGIL 

Then ^ 2> is likewise ± to ^ i^, § 67 

{a straight line X to one of two Wsis Xtothe other), 

that is, D and B A q.tq both JL to il i>. 

Apply figure COD to figure BOA so that D shall fall 

on A, 

Then C will faU on B, 

(since ZCOD = ABOA, being vertical A) ; 

and point C will fall upon B, 

(since C = B by construction). 

Then ± (7i> wiU coincide with ±BAy ■ § 61 

(from a poini without a straight line only one J. to that liiu can be dravm), 

.'. Z C D coincides with Z. B A, and is equal to it. 

Q. E. D. 

Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lines which never meet are 'parallel, is not true unless 
the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. 
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Proposition XII. Theorem. 

69. Conversely : When two straight lines are cut hy a 
third straight line, if the alternate-interior angles be equal, 
the two straight lines are parallel. 




Let E F cut the straight lines AB andC D in the points 
H and K, and let the Z A HK = Z HKD, 

We are to prove A B II' to G D. 
Through the point H draw MN II to CZ); 

then Z MHK = Z HKD, § 68 

{being alt.-int, A ). 

But Z A HK = Z HKD, Hyp. 

.-. Z MHK = ZA HK. Ax. 1. 

.*. the lines Jf iV and A B coincide. 
But MJ^ is II to CD; Cons. 

.\ AB, which coincides with MN, is II to CD, 

Q. E. D. 
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Proposition XIIL Theorem. 

70. If two parallel lines he cut by a third straight line, 
the exterior^interior angles are equal, 

E 




Let AB and C D be two parallel lines cut by the 
straight line E F, in the points H and K. 

We are to prove /. EHB = Z H K D, 

ZEHB = ZAIIK, §49 

(beijig vertical A), 

But ZAHK=ZHKD, §68 

(being alt. -int. A). 

.\/.EHB = Z.nKD. Ax. 1 

In like manner we may prove 

ZEnA=ZUKG, 

Q. E. D. 



71. Corollary. The alternate-exterior angles, EHB and 
C KF, and also ARE and D K F, d^ra equal. 
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Pboposition XIV. Theorem. 

72. CoNVEESELY : When two straight lines are cut by a 
third straight line, if the exterior-interior angles be equal, 
these two straight lines are parallel. 




Let EF cut the straight lines AB and C D in the 
points H and K, and let the A EHB = Z UKD, 

We are to prove AB 11 to C D , 
Through Wiq point II draw the straight line M N II to CD. 
Then ZEIIN=ZHKD, §70 

{being ext. -int. A ). 

But Z EffB = Z HKD. Hyp. 

.*. Z EHB = Z EHN, Ax. 1. 

.*. the lines M N and A B coincide. 
But iT/iVis II to CD, Cons. 

,', A B, which coincides with M N, is II to CD. 

Q. E. D. 
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Proposition XV. Theorem. 

IZ, If two parallel lines be cut by a third straight line, 
the sum of the two interior angles on the same side of the 
secant line is equal to two right angles, 

E 




Let AB and C D be two parallel lines cut by the 
straight line E F in the points H and K, 

We are to prove Z BHK -f Z HK D = two H, A. 

Z EHB + Z BHK=2 rt. A, § 34 

{being sup. -adj. A ). 

But Z EHB = Z II KD, § 70 

(being ext.-int. A\ 

Substitute Z HKD for Z EHB in the first equality; 
then Z BHK + Z HKD = 2 rt. A. 

Q. E. D. 
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Proposition XVI. Theorem. 

74. Conversely : When two straight lines are cut hy a 
third straight line, if the two interior angles on the same side 
of the secant line he together equal to two right angles, then 
the two straight lines are parallel, 

E 




Let EF cut the straight lines AB and C D in the 
points H and K, and let the Z. BHK -f Z UKD 
equal two light angles. 

We are to prove AB II to C D. 

Through the point H draw MN II io C D, 

Then Z NHK -f Z HKD = 2 rt. A, § 73 

{being tvjo interior A on the same side of the secant line). 

But ZBHK-\-ZHKD = 2Ti.A. Hyp. 

.\ZNHK+ZHKD-=ZBHK+ZHKD. Ax. 1. 
Take away from each of these equals the common Z II K D, 
then Z NIIK -= Z B H K, 

.'. the lines A B and M N coincide. 

But MN\^ II io CD; Cons. 

,'. AB, which coincides with MN, is II io D. 

Q. E D. 
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Proposition XVII. Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each other. 



E 



^ 



K 



D 



Let AB and CD he paraUel to E F, 
We are to prove A B II to C D. 

Dtslw UK ± to EF. 

Since CD and EFsltb II, UK is ± to CD, § 67 

(if a straight line he l.to one of two \\s, it is X to the other also). 
Since J ^ and j5^ i^ are II, HK is also A.to AB, § 67 
.\AHOB = A HPD, 

(each being art. /.). 

.-. ^ ^ is II to CD, § 72 

(trAew two straight lines are cut by a third straight line, if the ext. -int. A 

he eqnal, the two lines arc II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally distant 

from each other, 

E M H 




F P K 

Let A B and CD be two parallel lines, and from any 
two points in A By as E and //, let EF and HK 
be drawn perpendicular to A B. 
We are to prove E F = H K. 

Now ^^ and Zr ^ are ± to (7 A § 67 

(a line ± to one of two Wsis A^to the other also). 

Let M be the middle point of E H. 

Draw MP A^io AB. 

On MP as an axis, fold over the portion of the figure on 

the right of MP until it comes into the plane of the figure on 

the left. 

MB will faU on MA, 
(for Z PMff= Z PMEy each being art, Z)\ 

the point H will fall on E, 
{for MH= ME,hy hyp.) ; 

^^ will fall on A^iF', 
{for Z M H K — A M E F, each beiiig art. Z) ; 

and the point K will fall on E F, ot E F produced. 

Also, P D will fall on P G, 
(Z MPK= Z MPFy each being a rt. Z) ; 

and the point K will fall on P C. 

Since the point K falls in both the lines EF and P O, 

it must fall at their point of intersection F, 

.',HK=EF, §18 

{their extremities being the same points). 

Q. E. D. 
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Proposition XIX. Theorem. 

77. Two angles whose sides are parallel, two and two, 

and lie in the same direction, or opposite directions, from their 

vertices, are equal, 
A D 





Df 

Pig. 1. Fig. 2. 

Let AB and H {Fig. D have their sides BA and ED, 
and BC and EF respectively, parallel and lying 
in the same direction from their vertices. 

We are to prove the Z. B = Z. E. 

Produce (if necessary) two sides which are not II until they 
intersect, as at -ff"; 

then Z.B = /.DHC, §70 

(Peing cxt, -int. A ), 

and ZE = ZI)ffC, §70 

.\Z B = Z E. Ax. 1 

Let A B' and E' (Fig. 2) have B' A' and E' D', and B' C 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the Z B' = Z E'. 

Produce (if necessary) two sides which are not II until they 
intersect, as at IP-. 

Then ZS ^ Z EEC, § 70 

{beiTvg cxt. -int. A ), 

and 



Z E' = Z E'H'C'y 

(being alt. -int. A ) ; 

.-. Z B' = Z E', 



§68 



Ax. 1. 

Q. E. D. 
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Proposition XX. Theorem. 

78. If two angles have two sides parallel and lining in 
the same direction from their vertices, while the other two 
sides are parallel and lie in opposite directions, then the two 
angles are supplements of each other. 



Let ABC and D EF be two angles having B C and ED 
parallel and lying in the same direction from their 
vertices, while EF and B A are parallel and lie in 
opposite directions. 

We are to prove A ABC and /. D E F supple^nerds of each 
other. 

Produce (if necessary) two sides which are not II until they 
intersect as at H. 

/. ABC = ZBHD, §70 

(hdng ext.-int. A ). 

Z DEF=ZBnE, §68 

(being alt -int. A ). 

But Z B fl D and Z B FIE are supplements of each other, § 34 

(being sup. -adj. A ). 

.\ Z ABC and Z D E F, the equals of Z BUD and 

Z B H E, are supplements of each other. 

Q. E. D. 
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On Triangles. 

79. Dep. a Triangle is a plane figure bounded by three 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the triangles are said to 
be equal in all respects. 

81. Dep. In two equal triangles, the equal angles are called 
Homologous angles, and the equal sides are called Homologous 
sides. 

82. In equal triangles the equal sides are opposite the 
equal angles. 






SCALENE. ISOSCELES. EQUILATERAL. 

83. Def. a Scalene triangle is one of which no two sitlivs 
are equal. 

84. Dep. An Isosceles triangle is one of which two sides 
are equal. 

85. Dep. An Equilateral triangle is one of which the three 
sides are equal. 

86. Dep. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of tlio 
equal sides is considered the base. 
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RIGHT. 



OBTUSE. 



ACUTE. 



87. Dep. a Right triangle is one which has one of the 
angles a right angle. 

88. Dep. The side opposite the right angle is called the 
Hypotenuse. 

89. Dep. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Dep. An Acute triangle is one which has all the angles 

acute. 

C 




EQUIANGULAR. 




91. Dep. An Equiajigvlar triangle is one which has all 
the angles equal. 

92. Dep. In any triangle, the angle opposite the base is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Dep. The Altitude of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. 

94. Dep. The Exterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as Z. CBD. 

95. Dep. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite interior angles, as 
A A and (7. 
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96. Any side of a triangle is less than the sum of ike 
other two sides. 

Since a straight line is the shortest distance between two 

points, 

ACKAB-VBC. 

97. Ant^ side of a triangle is greater than the difference 
of the other two sides. 

In the inequality ACKAB-^-BC, 

take away A B from each side of the inequality. 

Then AC-ABKBC', or 

BOAC-AB. 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the vertices of three angles of the triangle is greater 
than half the sum of the sides of the triangle. 

2. Show that the locus of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 
drawn on opposite sides of A B, and at the given distance 
from it. 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 
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Proposition XXI. Theorem. 

98. The sum of the three angles of a triangle is equal 
to two right angles, 

B E 



Let ABC be a triangle. 

We are to prove /. B + Z. B C A + Z vl = two rt, A, 

Draw C E W to A By and prolong A C. 

ThenZ ECF-\- /.EOB-k- /L B0A = 2Tt.A, § 34 
{the sum of all the A about a point on the same side of a straight line 

= 2rt. A ). 

But ZA=ZECF, §70 

{being ext.-int. A), 

a,iidZB = ZBCE, §68 

{being alt. -int. A ) . 

Substitute fov Z ECFQ,ndZ B CEtheiT equal A, A and B, 
Then Z A + Z B -{- Z BOA = 2 rt. A. 

Q. E. D. 

99. Corollary 1. If the sum of two angles of a triangle be 
known, the third angle can be found by taking this sum from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles will be equal. 
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101. Cor. 3. If two right triangles have an acute angle 
of the one equal to an acute angle of the other, the other acute 
angles will be equal. 

102. Cor. 4. In a triangle there can be but one right angle, 
or one obtuse angle. 

103. Cor. 5. In a right triangle the two acute angles are 
complements of each other. 

104. Cor. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds of one right angle. 



Proposition XXII. TfisoREM. 

105. The exterior angle of a triangle is equal to tie sum 
of the two opposite interior angles. 

B 




Let BC H be an exterior angle of the triangle ABC, 
We are to prove Z BCH^ Z. A + Z. B. 

Z BCH+ ZACB=2Tt.A, § 34 

(being sup. -adj. A ). 

Z i( + Z ^ + Z ^ C^ = 2 rt. ^, § 98 

{piree A of a ti — two rt. A ). 

,\ZBCH-^ZACB-=ZA^-ZB^ZACB, Ax. 1. 
Take away from each of these equals the common Z A C B\ 
then ZBCH=-ZA-\- ZB, 

Q. E. D. 
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Proposition XXIIL Theorem. 

106. Two triangles are equal in all respects when two 
sides and the included angle of the one are equal respectively 
to two sides and the included angle of the other. 




B Af 




In the triangles ABC and A' B' C, let A B=^ A' B', 

A C=A'C',ZA=ZA\ 

We are to prove A AB C = A A' B' C, 

Take up the A ABC and place it upon the A A^ B' C so 
that A B shall coincide with A' B', 



Then A G will take the direction of A' C", 

{for Z A = Z A', by hyp.\ 

the point C will fall upon the point C", 
. (for AC = A' a, hf hyp.) ; 

.\GB-=-G'B\ 

iflieir extremities being the same points). 



§ 18 



.*. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXIV. Theorem. 

107. Two triangles are equal in all respects when a side 
and two adjacent angles of the one are equal respectively to a 
side and two adjacent angles of the other, . 

C O 





B A' 

In the triangles ABO and A' B' C, let AB=^A' B', 
ZA = /.A',/.B-=-ZB'. 

We are to prove A ABC = A A' B C 

Take up A ABO and place it upon A A' B' C, so that 
A B shall coincide with A' B'. 

A will take the direction of A' C", 
(for Z.A — ZA'jhy hyp.) ; 

the point 0, the extremity of A 0, will fall upon A* 0' or 
A' 0' produced. 

J? C wiU take the direction of B' 0\ 
{forZ.B=Z. B', by hyp,) ; 

the point 0, the extremity of B 0, will fall upon B^ 0' or 
B* 0' produced. 

.'. the point 0, falling upon hoth the lines A' 0' and B' 0', 
must fall upon a point common to the two lines, namely, 0', 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXV. Theorem. 

108. Two triangles are equal when the three sides of the 
one are equal respectively to the three sides of the other, 
B Bf 





In the triangles ABC and A' B' C", let A B -= A' W, 
AC = A'G', BC='B'G'. 

We are to prove A ABC = A A' B' C, 

Place A A' B' C in the position A B' C, having its greatest 
side A' C in coincidence with its equal A C, and its vertex at 
B'y opposite B, 

Draw B B' intersecting AC dX H, 

Since AB^AB', Hyp. 

point ^ is at equal distances from B and B', 

Since BC = B'C, Hyp. 

point C is at equal distances from B and B', 

.*. -4 (7 is -L to jB J5' at its middle point, § 60 

{^wo points at equal distances from the extremities of a straight line deter- 
mine the l.ai the middle of that line). 

Now i£ A A B^ Che folded over on AC as an axis until it 
comes into the plane of A ABC, 

HB' wiU fall on H B, 
(for A A HB = Z. A HB', each being a rt. Z), 

and point B^ will fall on B, 
{forHB' = HB). 

•'. the two A coincide, and are equal in all respects. 

Q. E. D. 



TBIAKGLES. 
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Proposition XXVI. Theorem. 

109. Two right triangles are equal when a side and the 
hypotenuse of the one are equal respectively to a side and the 
hypotenuse of the other, 

A Ai 




C B 




In the Tight triangles ABC and A' B' C, let AB=A' W, 
and AC^A' C. 

We are to prove A A BC = A A' B' C. 

Take xip the A ABC and place it upon A A' B* C, so that 
A B will coincide with A' B', 

Then B C will fell upon B' C, 

{J(yr AABC= AA^Wa, eacJi being a rt. Z), 

and point C will fell upon (7' ; 

otherwise the equal ohlique lines A C and A' C would cut 
off unequal distances from the foot of the _L, which is im- 
possible, § 57 
{^wo equal oblique lints from a point in a JL cut off equal distances from the 

foot of the ± ). 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 
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■J^^^rh^ju 



Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenuse 
and an acute angle of the one are equal respectively to the 
hypotenuse and an acute angle of the other. 

A Af 





In the light triangles ABO and A' B' C, let AC = A' C, 
and Z. A = Z. A'. 



We are to prove t^ ABC = t^ A' B' C. 

AC = A' C\ 
ZA=Z.A', 



Hyp. 
Hyp. 



then /.C = ZC'y § 101 

(ifttoo rt. ^ have an acute /.of the one eqv/H to am, aetUe Z of the other, 

then the other acute A are equal). 

.\AABC = AA'BfC', § 107 

(tioo ^ are equal when a side and two adj. A of the one are eqv4il 

respectively to a side and two adj. A of the other). 

Q. E. D. 

111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively to an 
homologous side and acute angle of the other. 
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Proposition XXVIII. Theorem. 

112. In an Uosceles triangle the angles opposite tie 

eqjml sides are equal. 

C 




E 

Let ABC be an isosceles triangle, having: the sides 
A C and C B equal. 

We are to prove Z A = Z B. 

From C draw ^the straight line C^ so as to bisect the 
ZACB. 

JjiiheAACB&ndBCE, 

AC=BC, Hyp. 

CE^CE, Iden. 

ZACE = /.BCE] Cons. 

.\AACE = ABCE, §106 

{two A are equal when two sides and the included Z. of the one are equal 
respectively to two sides and the included Z. of the other). 



.\ZA=ZB, 

{being homologous A of equal A ). 



Q. E. D. 



Ex. If the equal sides of an isosceles triangle be produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXIX. Theorem. 

113. A straight line which bisects the angle at th^ vertex 
af an isosceles triangle divides the triangle into two equal 
triangles, is perpendicular to the base, and bisects the base. 

C 




Let the line G E bisect the Z A G B of the isosceles 

AAGB, 

We are to prove 1, A A GE= A BGE\ 

II. lineGE l,toAB', 
III. AE = BE. 



I. Inthe A AGE QjidBGE, 

AG=BG, 

GE=GE, 

ZAGE = Z BGE, 



Hyp. 

Iden. 
Cons. 



,\AAGE = ABGE, § 106 

{having two sides and the inchcded Z of the one equal respectively to two sides 

and the included Z of the other). 

Also, II. Z GEA = Z GEB, 

(bei'iig ho^nologous A of equal A ). 

.-. GEis±to AB, 

(a straight line meeting another, making the adjacent A equal, is 1. to 

that line). 



Also, III. AE = EB, 

(being homologous sides of equal ^ ). 



Q. E. D. 



TBIAKOISS. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle be equal ^ the Bides op- 
posite the eqtuil angles are eqjial, and the triangle is isosceles. 




In the triangle ABC, let the Z B = Z C. 

We are to prove AB = AC. 

Dt&w AD ±to BO, 
In the It. A ABB and ABC, 

AD-= AD, 



Iden. 



ZB^ZC, 

.'.Tt.AADB = Tt,AADC, § 111 

(having a aide and an acute Z of the one equal respectively to a side and an 

aciUe /.of the other), 

.'.AB = AG, 

{being homologous sides of equal A). 

Q. E. D. 



Ex. Show that an equiangular triangle is also equilateral 



50 GEOMETRY. — BOOK 1. 

Proposition XXXI. Theorem. 

115. If two triangles have two sides of the one equal 
respectively to two sides of the other y hut the included angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater t/ian the third side 
of the second. 




In the A ABC and ABE, let AB = AB, BC^BE\ 
but Z ABO Z. ABE. 

We are to 'prone AO A E, 

Place the A so that AB oi the one shall coincide with A B 

of the other. 

Draw -6.^80 as to hisect Z EBC, 

Btslw EF, 

In the A EBF Q,nd CBF 

EB = BC, Hyp. 

BF^BF, Iden. 

/.EBF=-Z.CBF, Cons. 

.". the A ^^ i^ and (7 J? ^ are equal, § 106 

{having two sides and the iticluded Z. of one equal respectively to two sides 

and the included /.of the other). 

,',EF=-FC, 

{Jmng homologous sides of equal ^ ). 

Now AF+ FE>AE, § 96 

{tJie sum of two sides of a A is greater than the third side). 

Substitute for FE its equal FC. Then 

AF-^- FC> AE', or, 

AOAE. 

Q. E. O. 
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Proposition XXXII. Theorem. 

116. Conversely: If two nidea of a triangle he equal 
respectively to two sides of another, but the third side of the 
first triangle be greater than the third side of the second, then 
the angle opposite the third side of the first triangle is greater 
than the angle opposite the third side of the second. 





In the AABC andA'B'C, let AB=- A' B', AC -=- A' C, 
but BOB' C. 

We are to prove /. A> /L A', 

If Z^=Zii', 

then would A ABC^ ^ A' B' C, §106 

{having ttoo sides and the included Z of the one eqtuil respectively to two sides 

and the ind'uded /.of the other), 

and BC = B'C', 

{being homologous sides of equal ^ ). 

And if A< A', 

then would BC<B'C', § 115 

{if two sides of a Abe equal respectively to two sides of another A, bu^ the 
included Z. of the first be greater than the included Z of the second, the 
third side of the first unit be greater than the third side of the second.) 

But both these conclusions are contrary to the hypothesis ; 
,'. Z. A does not equal Z A\ and is not less than Z A', 

.\Z A> Z A'. 

Q. E. D 
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Proposition XXXIII. Theorem. 

117. Of two sides of a triangle y that is the greater 
which is opposite the greater angle. 




In the triangle ABC let angle AC B be greater than 
angle B, 

We are to prove A B > A C, 

Draw CE so as to make Z B C E == Z B. 

Then EC = EB, §114 

{beiTig sides opposite equal A ). 

Now AE^- EC> AC, §96 

{flie sum of two sides of a A is greater than the third side). 

Substitute for EC its equal E B, Then 

AE-\- EB>AC, or 

AB>Aa 

Q. E. D. 



Ex. ABC and ABB are two triangles on the same base 
A By and on the same side of it, the vertex of each triangle 
being without the other, li AC equal A Z>, show that B C 
cannot equal B D. 
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Proposition XXXIV. Theorem. 

118. Of two angles of a triangle, thai is tie greater 
which is opposite the greater side, 

B 




In the triangle ABC let AB be greater than A C. 
We are to prove /. AC B> /. B, 

Take il ^ equal to J C ; 
Draw E C 
AAEC = AACE, §112 

i^mTig A opposite eqiuil sides). 

But AAEO /LB, §105 

{fm exterior Zofa Ais greater than either opposite interior Z. ), 

and Z ACB> /LACE, 

Substitute iot Z ACE its equal A A EC, then 

/LACB> AAEC. 

Much more 'v&/.ACB> AB, 

Q. E. D. 



Ex. If the angles ABC and AC B, at the base of an 
isosceles triangle, be bisected by the straight lines B D, CD, 
show that DEC will be an isosceles triangle. 
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Proposition XXXV. Theorem. 

119. The three biaectors of the three angles of a triangle 
meet in a point. 




P 

Let the two bisectors of the angles A and C meet 
at Oy and OB be drawn. 

We are to prove B bisects the Z B. 

Draw the ^ OK, OPy and OE. 
In the rt. A C^ and OOP, 

OO^OOy Iden. 

AOCK=^AOGP, Cons. 

.\AOCK = AOGPy §110 

{having the hypotenuse and an acute Z of the one equal respectively to the 

hypotenuse and an acute Z of the other), 

.'.OP=OK, 

(homologous sides of equal S^ ). 
In the rt. A Oil P and 0-4 Zr, 

OA = OA, Iden. 

ZOAP = ZOAff, Cons. 

.\AOAP==AOAff, §110 

[having the hypotenuse and an acute Z of the on£ equal respectively to the 

hypotenuse and an acute Z of the other), 

.\OP=OH, 

(being honrwlogov^ sides of equal A ), 
But we have already shown P •= K, 

,',011= OK, Ax. 1 

Now in rt. A ORB and KB 
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OH^OK.BXLdiOB^OB, 
.'.AOHB^A KB, § 109 

(having the hypotenuse and a side of the one equal respectively to the hyjxAc- 

nuse and a side of the otJier), 



.\Z OBH = Z OBK, 

{being homologous A of equal ^ ). 



Q. E. D. 



Proposition XXXVI. Theorem. 

120. The three perpendiculars erected at the middle 
points of the three sides of a triangle meet in a point, 

A 




Let DD', EE', F P, be three perpendicvdars erected 
at B, E, F, the middle points of AB, A (7, and B C. 

We are to prove they meet in some point, as 0, 

The two ^1 DD' and E E' meet, otherwise they would be 
parallel, and A B and A (7, being J§ to these lines from the same 
point A, would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in i> D', which is ± to ^ ^ at its middle 
point, it is equally distant from A and B, § 59 

Also, since is in EE', ± to AG bX its middle point, it is 
equally distant from A and C. 

.". is equally distant from B and ; 

.-. is in FF' ± to ^ C at its middle point, § 59 

{the locus of all points equally distant frmn the extremities of a straight line 

is the X erected at the middle ofthaJt line), 

Q. E. D. 
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Proposition XXXVII. Theorem. 

121. The three perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point. 




In the triangle ABC, let B P, All, C K, be the pei^ 

pendiculais from the vertices to the opposite 
sides. 

We are to prove they meet in some point, as 0. 

Through the vertices -4, B, C, draw 

A'B! II ioBO, 
A'C II \^AG, 
B'C'\\\.oAB, 



In the A ABA' and ABC, vre have 

AB=-AB, 
ZABA' = Z BAC, 

(being alternate interior A ), 

ZBAA' = ZABC, 



Iden. 
§68 

§ 68 



,\AABA' = AABC, § 107 

{having a side and two adj. A of the one equal respectively to a side and 

two adj. A of the other). 

,\A'B = AC, 

(being homologous sides of egtuU ^ ). 
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Inihe A CBC And A BGy 

BC = BC, Iden. 

ZCBC' = ZBCA, §68 

(beiTig cUtemaU interior A ). 

ZBCC'-=ZCBA. §68 

.\ACBC'=^AABC, § 107 

{hamng a side and two adj, A of the one equal respectively to a side and two 

adj. A of (he other), 

.\BC' = AC, 

{being homologous sides of equal ^ ). 

But we have already shown A^ B = A C, 

,\A'B = BC', Ax. 1. 

.'. ^ is the middle point of A' C. 

Since BP\&l.ioAC, Hyp. 

it is ± to A' C, § 67 

(a straight line which is ± to one of two Wsis l.to tJie other also). 

But B is the middle point of A^ C ; 

.'. J?P is J_ to il' (7' at its middle point. 

In like manner we may prove that 

i( JjT is _L to ii' i5' at its middle point, 

and (7 A" -L to B' C at its middle point. 

,' . B P, A H, and (7 A are Js erected at the middle points 
of the sides of the A A' B' GL 

.'. these Js meet in a point. § 120 

(fhe three J& erected at the middle points of the sides of a H vieet in a point). 

Q. E. D. 
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On Quadrilaterals. 

122. Def. a Quadrilateral is a plane figure bounded by 
four straight lines. 

123. Def. A Trapezium is a quadrilateral which has no 
two sides parallel. 

124. Def. A Trapezoid is a quadrilateral which has two 
sides parallel. 

125. Def. A Parallelogram is a quadrilateral which has 
its opposite sides paralleL 





TRAPEZIUM. 



TRAPEZOID. 



PARALLELOGRAM. 



126. Def. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Def. A Square is a parallelogram which has its 
angles right angles, and its sides equal. 

128. Def. A Rhombus is a parallelogram which has its 
sides equal, but its angles oblique angles. 

129. Def. A Rhomboid is a parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 



REOTANQLE. 



S7UABE. 



RHOMBUS. 
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130. Def. The side upon which a parallelogTam stands, 
and the opposite side, are called its lower and upper bases ; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude of a parallelogram or trapezoid is 
the perpendicular distance between its bases. 

132. Def. The Diagonal of a 
quadrilateral is a straight line joining 
any two opposite vertices. 





Proposition XXXVIII. Theorem. 

133. The diagonal of a parallelogram divides the figure 
into two equal triangles, 

B C 




Let ABC E be a pamUelogmm, and A C its diagonal. 

We are to prcyoe A ABC = l^ AEG, 
Inthe A^^(7andil^C7 

AC^^AC, Iden. 

ZACB = Z.CAE, §68 

(being alt. -int. A). 

ZCAB = ZACE, §68 

.\AABC = AAEC, § 107 

(Jiaving a side aiid two adj. A of the one equal respectively to a side and two 

adj. A of tJie other). 

Q. E. D. 
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Proposition XXXIX. Theorem. 

134. In a parallelogram the opposite aides are eqtial, 
and the opposite angles are equal, 

B C 



A E 

Let the figure ABC E be a par&Uelogr&m. 

We are to prove BC = AE, and AB = ECj 

also, ZB = ZE,andZBAE=Z BCE. 

Draw A G. 
AABC = AAEC, §133 

(^ diagonal ofaCJ divides the figure into tvjo equal ^ ). 

.\BC = AE, 
and AB=^CE, 

(being homologous sides of equal A). 

Z.B = Z E, 

(being homologous A of eqiud ^ ), 

ZBAC = ZACE, 

and ZEAC = ZACB, 

(being homologous A of equal k^. 

Add these last two equalities, and we have 

ZBAG-^ Z EAC = ZACE-\- ZACB; 
or, ZBAE=^ZBCE, 

Q. E. D. 

135. Corollary. Parallel lines comprehended between par- 
allel lines are equal. 
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Proposition XL. Theorem. 

136. If a quadrilateral have two sides equal and par- 
allely then the other two sides are equal and parallel, and the 
figure is a parallelogram. 




Let the figure ABC E be & quadrilateral, having the 
side AE equal and parallel to BG, 

We are to prove A B equal and II to E C, 



Draw A C. 




lnih&^ ABC 2iTi^ A EC 




BC-AE, 


Hyp. 


AC = ACy 


Iden. 


ZBCA-Z CAE, 


§68 


(being alt. 'int. A). 





.\AABC==AACE, §106 

{hepoing two sides and the indtided Z of the one equal respectively to two sides 

and the included Z. of the other). 

.\AB = EC, 

(being homologoxis sides of e^iuil ^ ). 

Also, ZBAC = ZACE, 

(being hxmwlogous A of eqiuil A ) ; 

.-.^^is II to EC, §69 

(when two straight lines are cut by a third straight line, if the alt.-int. A be 

equal the lines are parallel). 

.'. the figure AB C E is a. CJ, § 125 

(tlie opposite sides being parallel). 

Q. E. D. 
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Proposition XLL Theorem, 

137. If in a quadrilateral the opposite sides be equal, the 
figure is a parallelogram. 



,-'• 




Let the figure A B C E he a, quadiilateTal having 
BC = AE and AB = EC, 

We are to prove figure ABC E a O. 

Draw A 0. 

Inihe^AABCsxi^AEO 

BC^'AE, Hyp. 

AB = CE, ■ Hyp. 

AC = AC, Iden. 

.\AABC=-AAEC, §108 

Qiavmg three sides of the one equal respectively to three sides of the other}, 

,',ZACB = Z CAE, 
and ZBAC^AACE, 

(peing homologous A of equal ^ ). 

.'.BCis II toAE, 

and ^^is H to EC, §69 

{when two straight lines lying in the same plane are cut by a third straight 
line, if the alt.'int. A be equal, the lines are parallel). 

.-. the figure A B C E isi s. CJ, § 125 

(having its opposite sides parallel). 

Q. E. D. 



QUADRILATERALS. 
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Proposition XLIL Theorem. 
138. The diagonals of a parallelogram bisect each other. 

B 




Let the Ugxue ABCE be a p&rallelogTam, and let 
the diagonals A C and BE cnt each other at 0, 

We are to prove AO =>0C, and B = B, 



In the A AOE 8LndB0C 



AE-=BC, 
(being opposite sides of a CJ\ 

A OAE = A 0GB, 

(being alt -int. A ), 
Z OEA=Z OBC; 



§ 134 



§ 68 



§ 68 



.\AAOE = ABOC, § 107 

(having a side and ttoo adj, A of the one eqtial respectively to a side and two 

adj. A of the other). 



and 



,\AO=-OC, 

BO=-OE. 

(being homologous sides of equal ^ ). 



Q. E. D. 
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Proposition XLIII. Theorem. 

139. The diagonals of a rhombm bisect each other at 

right angles, 

A E 




Let the figure A B C E be a rhombus, having the 
diagonals A C and BE bisecting each other at 0. 

We are to prove. Z. AO E and /. AO B rt. A, 

InihQ ^AO E and A OB, 

AE = AB, §128 

(being sides of a rhotnbus) ; 

OE=OB, §138 

(tlie diagonals of a CD bisect each other) ; 

AO = AO, Iden. 

.\AAOE = AAOB, §108 

(having three sides of the one equal respectively to three sides of the other) ; 

r.Z AOE==ZAOB, 

(being homologous A of equal ^ ) ; 

.\ Z A E s^Tid Z A B SLTQ Tt. A. § 25 

( When one straight line meets another straight line so as to indke the adj. A 

equal, each Zis arL Z), 

Q. E. D. 
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Proposition XLIV. Theorem. 

140. Two parallelograms, having two aides and the in- 
eluded angle of the one equal respectively to two sides and the 
included angle of the other, are equal in all respects. 

B CD' O 



A D Ai m 

In the paraUelogTams A BC D and A' B' G L', let 
AB = A'B', AD^A'D', and Z A = Z A'. 

We are to prove that the UJ are equal. 

Apply EJ A BCD to O A' B' C*D*, so that ^ jD wiU fall 
on and coincide with A' B'. 

Then A B will fall on A' B\ 
(Jor AA — AA\hy hyp.), 

and the point B will fall on B', 
(^f<yr AB = Af B\ by hyp.). 

Now, BC and J5'(7' are both II to A^ ly and are drawn 
through point B'; 

.*. the lines B C and B' C coincide, § 66 

and C falls on B' C or B' C produced. 

In like manner D C and D' C are II to A' B' and are drawn 
through the point 2)'. 

.-. i> C and i)' C' coincide ; § 66 

.*. the point C falls on D' C, or D' C produced ; 

.-. C falls on both B' C and D' C \ 

.'. C must fall on a point common to both, namely, C. 

.'. the two U] coincide, and are equal in all respects. 

Q. E. D. 

141. Corollary. Two rectangles having the same base and 
altitude are equal; for they may be applied to each other and 
will coincide. 
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Proposition XLY. Theorem. 

142. The straight line which connects the middle points 
of the non-parallel sides of a trapezoid is parallel to the par^ 
allel sides, and is equal to half their sum, 

A F E 





C H 



Let SO be the straight line joining the middle points 
of the non-parallel sides of the trapezoid ABCE, 

We are to prove SO II to A E and B C ; 
aho SO-=]s{^^+ ^0), 

Through the point draw FH II to ^4 ^, 

and produce EC to meet F H dX H. 

laihQ A F E Q,n^ C H 

OE=OC, Cons. 

AOEF^AOCH, §68 

(beirvg alt -int. A ), 

ZF0E = Z00ff, §49 

{being vertical A ). 

.\AF0E = A00ff, §107 

{haviing a aide and two adj. A of the one eqvM respectively to a side and two 

adj. A of the other). 
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and OF=OH, 

(being homolog&us sides of equal 6^ ). 

Now FH^AB, §136 

( li lines compre?iended betioeen II lines are equal) ; 

.-. FO = AS, Ax. 7. 

.-. the figure AFOSisaO, § 136 

(havinff two opposite sides equal and parallel), 

.'.SO is II to ili^, §125 

(being opposite sides of a CJ), 

AS'Oisalso II to^^, 
(a straight livs II to one of two II lines is li to the other also). 

Now SO = AF, §125 

(being opposite sides of a CJ), 
and SO^^Bff. §125 

But AF=AE— FE, 

and BH = BC^ CH. 

Substitute for A F and BH their equals, AE— FE and 

and add, observing that C H = F E ; 
then 2S0 = AE-h BC. 

.\SO-=-\{AE+ BC). 

Q. E. D. 
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On Polygons in General. 

143. Def. a Polygon is a plane figure bounded by straight 
lines. 

1 44. Def. The bounding lines are the sides of the polygon, 
and their sum, as AB •\- BC -^ C D, etc., is the Perimeter of 
the polygon. 

The angles which the adjacent sides make with each other 
are the angles of the polygon. 

145. Def. A Diagonal of a polygon is a line joining the 
vertices of two angles not adjacent. 

B B 






146. Def. An Equilaie^^al polygon is one which has all its 
sides equal. 

147. Def. An Equiangular polygon is one which has aU 
its angles equal. 

148. Def. A Convex polygon is one of which no side, 
when produced, will enter the surface bounded by the perimeter. 

149. Def. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. 

150. Def. A Concave polygon is one of which two or more 
sides, when produced, will enter the surface bounded by the 
perimeter. 

151. Def. The angle FBE is called a Re-entrant angle. 
When the term polygon is used, a convex polygon is meant. 
The number of sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 
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152. Def. Two polygons are Eqtud, when they can be 
divided by diagonals into the same number of triangles, equal 
each to each, and similarly placed; for the polygons can be 
applied to each other, and the corresponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Def. Two polygons are Mutually Equiangular, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABC DEF, 
and A' B' C D' E' F, in which ZA=-ZA', Z B^^B', 
Z.G = /.€', etc. 

154. Def. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are called Ho^nologous sides. 

155. Def. Two polygons are Mutually Equilateral, if the 
sides of the one be equal to the sides of the other, each to each, 
when taken in the same order. 






Fig. 1. Fig. 2. Fig. 3. Fig. 4. 

Two polygons may be mutually equiangular without being 
mutually equilateral ; as Figs. 1 and 2. 

And, except in the case of triangles, two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
they are equal, for they may be applied the one to the other so 
as to coincide. - 

156. Def. A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or Quadrilateral ; one of 
five sides is a Pentagon ; one of six sides is a Hexagon ; one of 
seven sides is a Heptagon ; one of eight sides is an Octagon ; one 
of ten sides is a Decagon ; one of twelve sides is a Dodecagon, 
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Proposition XL VI. Theorem. 

157. The sum of the interior angles of a polygon is 
equal to two right angles^ taken as many tim^s less two as 
the figure has sides. 




Let the figure ABCDEF be a polygon having n sides. 

We are to prove 

ZA + ZB+ZC, etc., = 2rt, A{n — 2). 

From the vertex A draw the diagonals AC, AD, and A E, 

The sum of the A of the A = the sum of the angles of the 
polygon. 

Now there are {n — 2) A, 



and the sum of the A of each A = 2 rt. A, 



§98 



.*. the sum of the A of the A, that is, the sum of the A of 

the polygon = 2 rt. ^ [n — 2). 

Q. E. D. 

158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) times, i. e. equals 4 right 
angles ; and if the angles be all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 

sides is equal to —-^ i right angles. 

n 
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Proposition XLVII. Theorem. 

159. The exterior angles of a polygon, made by produ- 
cing each of iU sides in succession, are together equal to four 
right angles. 




Let the tigure ABODE be a polygon, having its sides 
produced in succession. 

We are to prove the sum of the ext. A = ^ rt. A. 
Denote the int. A of the polygon hy A, ByC,D,B ; 
and the ext. A by a, 6, c, f/, e. 

ZA + Za=-2Tt.A, § 34 

(being sup. -adj, A ). 

ZB+Zb = 2Tt. A. § 34 

In like manner each pair of ady A = 2 rt, A ; 

.'. the sum of the interior and exterior A = 2 vt A taken 
as many times as the figure has sides, 

or, 2 n Tt. A. 

But the interior A = 2 it A taken as many times as the 
figure has sides less two, = 2 rt. ^ (n — 2), 

or, 2 nrt, A — 4 rt. A. 

/. the exterior ^ = 4 rt. A, 

Q. E. D. 
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Exercises. 

1. Show that the sum of the interior angles of a hexagon is 
equal to eight right angles. 

2. Show that each angle of an equiangular pentagon is f of 
a right angle. 

3. How many sides has an equiangular polygon, four of 
whose angles are together equal to seven right angles? 

4. How many sides has the polygon the sum of whose in- 
terior angles is equal to the sum of its exterior angles 1 

5. How many sides has the polygon the sum of whose in- 
terior angles is douhle that of its exterior angles 1 

6. How many sides has the polygon the sum of whose 
exterior angles is douhle that of its interior angles 1 

7. Every point in the hisector of an angle is equally distant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. 

8. B AC iaa> triangle having the angle B double the angle 
A. If BD bisect the angle B, and meet A C in D, show that 
B D \a equal to A 2>. 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. 

10. ABC J) is a parallelogram, j^ and F the middle points 
of AD and BC respectively; show that BE and I) F will 
trisect the diagonal A C. 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is formed whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal ^2> of a square ABCD, BEh^ 
cut off equal to BC, and E F \yQ drawn perpendicular to B D, 
show that 2> ^ is equal to E F, and also to FC, 

13. Show that the three lines drawn from the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 
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Definitions. 

160. Def. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally distant from a point 
within called the Centre, 

161. Def. The Circumference of a circle is the line which 
bounds the circle. 

162. Def. A Radius of a circle is any straight line drawn 
from the centre to the circumference, as -4, Fig. 1. 

163. Def. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in the circum- 
ference, as A B, Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 

M M 






Fig. 1. 

164.- Def. An Arc of a circle is any portion of the circum- 
ference, as A M By Fig. 3. 

165. Def. A SeTni-circumference is an arc equal to one 
half the circumference, as A M B, Fig. 2. 

166. Def. A Chord of a circle is any straight line having 
its extremities in the circumference, as A B, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumference. Thus the chord A B, (Fig. 3), subtends the arc 
A MB and the arc A D B. Whenever a chord and its arc are 
spoken of, the less arc is meant unless it be otherwise stated. 
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167. Def. a Segment of a circle is a portion of a circle 
enclosed by an arc and its chord, asAMB, Fig. 1. 

168. Def. A Semicircle is a segment equal to one half the 
circle, a& ADC, Fig. 1. 

169. Def. A Sector of a circle is a portion of the circle 
enclosed by two radii and the arc which they intercept, aa ACB, 
Fig. 2. 

170. Def. A Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference is 
called the Point of Contact, or Point of Tangency, 

171. Def. Two Circumferences are tangent to each other 
when they are tangent to a straight line at the same point. 

172. Def. A Secant is a straight line which intersects the 
circumference in two points, as ^ /), Fig. 3. 




173. Def. A straight line is Liscrihed in a circle when its 
extremities lie in the circumference of the circle, zs A B, Fig. 1. 

An angle is inscribed in a circle when its vertex is in the 
circumference and its sides are chords of that circumference, as 
ZABCYig. 1. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, as A A BCj Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not intersect them, 
as in Fig. 4. 

174. Def. A polygon is Circumscribed about a circle when 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a polygon when the circumfer- 
ence passes through all the vertices of the polygon, as in Fig. 1. 
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175. Def. Eqital circles are circles which have equal radii. 
For if one circle be applied to the other so that their centres 
coincide their circumferences will coincide, since all the points 
of both are at the same distance from the centre. 

176. Every diameter bisects the circle 
and ith circumfereTice, For if we fold over 
the segment ii if ^ on ^ ^ as an axis untU 
it comes into the plane of AP By the arc 
A MB will coincide with the arc APB; 
because every point in each is equally dis- 
tant from the centre 0, 




Proposition L Theorem. 

177. TAe diameter of a circle is greater than any other 
chord. 

Let AB be the diameter of the circle 
A MB, and A E any other chord. 

We are to prove A B> A E, 

From (7, the centre of the O, draw C E. 
- CE=CB, 

(being radii of the same circle). 

But AC-V CE>AE, 

{the sum of two sides of a IS.> the third side). 

Substitute for C E, in the above inequality, its equal C B. 

Then AC+ CB>AE,ot 
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AB> AE. 



Q. E. D. 
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Proposition II. Theorem. 

178. A straight line cannot intersect the circumference 
of a circle in more than two points. 

M 




Let HK be any line cutting the circumference A MP. 

We are to prove that HK can intersect the circumference 
in only two points. 

If it be possible, let H K intersect the circumference in three 
points, H, P, and K. 

From 0, the centre of the O, draw the radii H^ OP, 
and K, 



Then 



OH, Pj and K are equal, 
{being radii of the same circle). 



§163 



.'.if HK could intersect the circumference in three points, 

we should have three equal straight lines OH, OP, and K 

drawn from the same point to a given straight line, which is 

impossible, § 56 

(o/iZy two equal straight lines can he dravmfrom a point to a straight line). 

.'.a straight line can intersect the circumference in only 
two points. 

Q. E. D. 
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Proposition III. Theorem. 

179. In the same circle, or equal circles, equal angles 
at the centre intercept equal arcs on the circumference. 





P P 

In the equal circles ABP and A'B'F let AO=AO'. 

We are to prove arc RS = arc R' S", 

Apply O ABP to O A'B'P*, 

so that Z. shall coincide with Z (y. 

The point R will fall upon R\ § 176 

(for 0E= Of R'j being radii of equal ©), 

and the point aS' will fall upon S', § 176 

{for 0S= Of S^, being radii ofeqvxil (D). 

Then the arc R S must coincide with the arc R^S'. 
For, otherwise, there would be some points in the circumference 
unequally distant from the centre, which is contrary to the 
definition of a circle. § 160 

Q. E. D. 
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Proposition IV. Theorem. 

180. Conversely : In the same circle, or equal circles, 
equal arcs subtend equal angles at the centre. 





In the equal circles ABP and A' B' F let arc JRS 
=-arc R'S', 

We are to prove Z ROS=Z. R 0' S'. 

Apply O ^ ^P to O A'SfP, 

so that the radius R shall fall upon 0' Rf. 

Then Sy the extremity of arc RS, 

will fall upon S\ the extremity of arc R' S', 
(Jor RS=R^ Sf, by hyp.). 

.\0S will coincide with 0' S\ § 18 

{t?ieir extremities being the saine points). 

.', Z RO S will coincide with, and he equal to, Z R' 0' 8', 

Q. E. D. 
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Proposition V. Theorem. 

181. In the same circle y or equal circles, equal arcs are 
subtended by equal chords. 





In the equal circles ABP and A' B' P* let arc RS 

= arc R'S'. 

We are to prove chord R S =^ chord R* S*, 

Draw the radii R, S, 0' R'y and 0' S'. 
Inthe A ROSsLJidR'O'S* 

OR^CyRf, §176 

(f)ei7ig radii of eqital ®), 

OS=-0'S', §176 

Z = Z 0', § 180 

(eqiLoZ arcs in eqiial © subtend equal A at the centre). 

.'.A ROS = AR'0'S', § 106 

{}wo sides and the in>eluded A of the one being equal respectively to two sides 

and the included /.of the other), 

.'. chord RS=^ chord R' S\ 
(being homologous sides of equal ^ ). 

Q. E. D. 
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Proposition VI. Theorem. 

182. Conversely : In the same circle, or equal circles, 
equal chords subtend equal arcs. 





In the equal circles ABP and A'B'F, let chord BS 
= chord 7?'aS". 

We are to prove arc E S = arc R' JS'. 

Draw the radii R, S, 0' R', and 0' JS^. 



IntheAROSsindR'O'S' 



RS = R'S', 
OR = 0'R\ 

(being radii of equal (D), 
OSLO'S'; 



Hyp. 
§ 176 

§176 



.\AROS = AR^O'S\ §108 

(three sides of the one being eqiml to three sides of the oth^er). 

.\Z = Z 0', 

(being homologous A ofeqical A). 

.-. arc/?AS' = arc^'/S', § 179 

[in the same G, or equal CD, equal A at the centre intercept equal arcs on the 

circumference) . 

Q. E. D. 
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Proposition VII. Theorem. 

m 

183. Tie radius perpendicular to a chord bisects the 
chord and the arc subtended by it. 




S 

Let AB be the chord, and let the radius C S be per- 
pendicular to A B at the point M, 

We are to prove AM= BM, and arc AS = arc B S. 

Draw (7^ and C B. 
CA = CB, 

{being radii of the sanie O) ; 

,'. A AC B is isosceles, § 84 

{the opposite sides being equal) ; 

.-. ± (7 aS' bisects the base A B and the Z. C, § 113 
(fhe ± drawn from the vertex to the ba^se of an isosceles A bisects the base and 

the Z. ai ths vertex). 

.\AM=BM. 
Also, since ZACS = ZBCS, 

avcAS = Q,vcSBy §179 

{equal A at the centre intercept eqiial arcs on the circumference), 

Q. E. D. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition VIII. Theorem. 

185. In the same circle, or equal circles, equal chords 
are equally distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 



la the circle AB EC let the chord A B equal the chord 
C F, and the chord CE be less than the chord OF. 
Let OPy OH, and OK be Js drawn to these chords 
from the centre 0, 

We are to prove OP=OH, and OIK OK. 

Join ^ and C, 
In the rt. A ^ OP and CO^ 

OA=OC, 

(being radii of the same O) ; 

AP^CH, §183 

(being halves of equal chords) ; 

.\AAOP = ACOH, §109 

{two rt. A are equal if they have a side and hypotenvM of the one equal to 

a side and hypotenuse of the other), 

,\OP=OH, 

(being homologous sides of equal A). 
Again, since C E < OF, 

the A. OK will intersect C F in some point, as m. 
Now OK>Om. Ax. 8 

But Om>OR, §62 

{a A. is the shortest distance from, a point to a straight line). 

.', much more is K > OH. 

Q. E. D. 
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Proposition IX. Theorem. 

186. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 




Let BA be the radius, and MO the straight line 
perpendicular to BA at A, 

We are to prove M tangent to the circle. 

From B draw any other line to M 0, as B ff. 

BH>BA, §52 

{a JL measures the shortest distance from apoifU to a straight line). 

. ■. point ff is without the circumference. 
But Bffis any other line than B A, 

.'. every point of the line MO is without the circumference, 

except A, 

.*. MO is a tangent to the circle at A. § 171 

Q. E. D. 

187. Corollary. When a straight line is tangent to a 
circle, it is perpendicular to the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Proposition X. Theorem. 

188. W/ien two circumferences intersect each other, the 
line which Joins their centres is perpendicular to their common 
chord at its middle point. 




Let C and (J be the centres of two ciTcumferences 
which intersect at A and B. LetAB be their 
common chord, and GO' join their centres. 

We are to prove C C A. to A B at its middle point 

A ± drawn through the middle of the chord A B passes 
through the centres C and C", § 184 

{a ± erected at the middle of a chord passes tkroiigh the centre of the 0). 

.'. the line C C, having two points in common with this J_, 
must coincide with it. 

.*. (7 C' is ± to -4 ^ at its middle point. 

Q. E. D. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, passes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that which meets the circumference after passing through the 
centre. 
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Proposition XI. Theorem. 

189. When two circutnferences are tangent to each other 
their point of contact is in the straight line joining their 
centres. 




Let the two circumfeTences, whose centres are C and 
C'y touch each other at 0, in the straight line A B, 

and let GC be the straight line Joining their cen- 
tres. 

We are to prove is in the straight line C C, 

A A^ to A JB, drawn through the point 0, passes through the 
centres CandC", § 187 

(a ± to a tangent at the point of contact passes through the centre of the O). 

.'. the line C (7, having two points in common with this J_, 
must coincide with it. 



.*. is in the straight line C C. 



Q. E. o. 



Ex. AB, 2i. chord of a circle, is the base of an isosceles 
triangle whose vertex C is without the circle, and whose equal 
sides meet the circle in D and E, Show that C D is equal 
to CB, 
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On Measurement. 

190. Def. To measure a quantity of any kind is to find 
how Tnany times it contains another known quantity of the sam^ 
kind. Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear unit, 

191. Def. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit, 
is called the numerical measure of that quantity ; as 5 yards, etc. 

192. Def. Two quantities are commensurable if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the comm^on measure of these quantities, and each of the given 
quantities is called a multiple of this common measure.' 

193. Def. Two quantities are incommsnsurahle if they 
have no conmion measure. 

194. Def. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the same kind. No 
quantity is great or small except by comparison. This relative 
magnitude is called their Ratio, and this ratio is always an ab- 
stract number. 

When two quantities of the same kind are measured by the 
same unit, their ratio is the ratio of their num^erical measures, 

195. The ratio of a to 6 is written -, or a : 6, and by this 
is meant : ^ 

How many times b is contained in a; a 

or, what part a is of b, b 

I. If b be contained an exact number of times in a their 
ratio is a whole number. 

If b be not contained an exact number of times in a, but 

if there be a common measure which is contained m times in a 

tn 
and n times in 6, their ratio is the fraction — . 

n 

II. If a and b be incommensurable, their ratio cannot be 

exactly expressed in figures. But if 6 be divided into n equal 

parts, and one of these parts be contained m times in a with 

1 fn 

a remainder less than - part of 6, then — is an approximate 

n "^ n 

n 1 

value of the ratio - , correct within - . 

6 n 
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Again, if each of these equal parts of 6 be divided into n 
equal parts ; that is, if 6 be divided into n' equal parts, and if 

one of these parts be contained m/ times in a with a remainder 

1 mf 

less than — ^ part of b, then -^ is a nearer approximate value 

1 

of the ratio - , correct within -5- . 
6 n 

By continuing this process, a series of variable values, 

— , — 2 , — a , etc., will be obtained, which will differ less and 

less from the exact value of 7- . We may thus find a fraction 

which shall differ from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an incommensurable ratio is the limit toward which 
its successive approximate values are constantly tending. 

On the Theory op Limits. 

196. Dep. When a quantity is regarded as having & fixed 
value, it is called a Constant ; but, when it is regarded, under 
the conditions imposed upon it, as having an indefinite number 
of different values, it is called a Variable, 

197. Dep. When it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be made to differ from a given con- 
stant by less than any assigned quantity, however small, but 
cannot be made absolutely equal to the constant, that constant 
is called the Limit of the variable, and the variable is said to 
approach indefinitely to its limit. 

If the variable be increasing, its limit is called a superior 
limit ; if decreasing, an inferior limit. 

198. Suppose a point ± ^ ^' ^ ^ 

to move from A toward -ff, under the conditions that the first sec- 
ond it shall move one-half the distance from A to B, that is, 
to M ; the next second, one-half the remaining distance, that is, 
to M' ; the next second, one-half the remaining distance, that 
is, to J/", and so on indefinitely. 

Then it is evident that the moving point map approach as 
near to B as we please^ but vnll never arrive at B, For, however 
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near it may be to B at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to -B, since half the interval still remaining is 
some distance, but will not reach B, since half the interval still 
remaining is not the whole distance. 

Hence, the distance from A to the moving point is an in- 
creasing variable, which indefinitely approaches the constant 
-4 -B as its limit ; and the distance from the moving point to B 
is a decreasing variable, which indefinitely approaches the con- 
stant zero as its limit. 

If the length of ^ jB be two inches, and the variable be 
denoted by x, and the difference between the variable and its 
limit, by v : 

after one second, x = l, v = 1 ; 

after two seconds, a: = l + }, v=i ; 

after three seconds, a:=l + J + }, v = i; 

after four seconds, a; = l + } + t + i. v = i ; 
and so on indefinitely. 

Now the sum of the series 1 + i + 1 + J etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the vari- 
able difference between this variable sum and 2. 

Ihn. will be used as an abbreviation for limit. 

199. [1] The difference between a variable and its limit is 
a variable whose limit is zero. 

[2] Jf two or more variables^ v, v\ v", etc., have zero for a 
limit, their sum, v -{-v' -\-v'\ etc., will have zero for a limit. 

[3] If the limit of a variable, v, be zero, the limit of a ztv 
will be the constant a, and the limit of a X v will be zeiv. 

[4] The product of a constant and a variable is also a va- 
riable, and the limit of the product of a constant and a variable 
is the product of the constant and the limit of the variable. 

[5] The sum or product of two variables, both of which are 
either increasing or decreasing, is also a variable. 
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Proposition L 
[6] If two variables he always equals their limits are equal. 

Let the two variables A M and 
A N be always equal, and let A C 
and AB be their respective limits. 

We are to prove A C = A B. 

Suppose AOAB. Then we may 
diminish A C to some value A C such qi^ 
ih2itAO = AB, p 

Since A M approaches indefinitely to C^ 
A C, we may suppose that it has reached 
a value A P greater than A C. 

Let AQ\yQ the corresponding value of A N, 

Then A P = A Q, 

Now AC' = AB. 

But both of these equations cannot be true, for -4 P > ^ C", 
and A Q< AB. /.AC cannot be greater than A B. 

Again, suppose A C <^ A B. Then we may diminish -4 ^ to 
some value A B' such that AG = AB'. 

Since A N approaches indefinitely to A B we may suppose 
that it has reached a value A Q greater than A B'. 

Let il P be the corresponding value of A M. 

Then AP=AQ, 

Now AC=AB'. 

But both of these equations cannot be true, foT A P < A C, 
and AQ> AB'. ,\ AG cannot be less than A B. 

Since A G cannot be greater or less than A By it must be 
equal to A B. «• e- ^^ 

[7] Corollary 1. If two variables be in a constant ratio, 
their limits are in the same ratio. For, let x and y be two variables 

X 

having the constant ratio r, then - = r, or, x = r y, therefore 

y 

liTn. (x) 
Urn. {x) = lim. {r y) = rX lim. (y), therefore .- ) [ ~ ^. 

C fit/, i U J 



[8] CoR. 2. Since an incommensurable ratio is the limit of 

its successive approximate values, two incommensurable ratios j 

a' . . ^ 

and -— are equal if they always have the same approximate valties 
b' 

when expressed voithin the same measure of precision. 
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Proposition II. 

[9] The limit of the algebraic sum of two or more variables 
is the algebraic sum of their limits. 

Let X, y, 2, be variables, a, b, and c, ^ ^7- 

their respective limits, and v, i/, and v", 

the variable differences between x. y. z, b -k — 

and a, 6, c, respectively. 

We are to prove lim, (a? + y + «) = a + 6 -f c. c ^ *-^ 

Now, x = a — V, y^b — v^y z = c — t/'. 
Then, x + y-{-z = a — v+b — v' + c — v'^ 

.'. lim.(x+y+z)=lim.{a — v+b—v'+c—v'^). [6 

But, lim. (a — V 4- 6 — i/ 4- c — t/') = a + 6 + c. [3 

.*. lim. (x + y-\- z) = a + b + c. 

Q. E. D. 

Proposition III. 

[10] The limit of the product of two or more variables is the 
product of their limits. 

Let X, y, z, be variables, a, 6, c, their respective 
limits, and v, i/, «/', the variable differences between 
X, y, 2, and a, 6, c, respectively. 

We are to prove lim. {xy z) = abc. 

Now, x = a — V, y = 6 — t/, z = c — v". 

Multiply these equations together. 

Then, xy z = ab c^ terms which contain one or more of 
the factors v, i/, i/', arid hence have zero for a limit. [3] 

.'. lim. {xyz) = lim. {abc^ terms whose limits are zero). [6 J 
But lim. {ab c'^ terms whose limits are zero) = abc. 

.'. lim. (xyz) = abc. 

Q. E. D. 

For decreoMng variables the proofs are similar. 



Note. — In the application of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it wiU be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Proposition XIL Theorem. 

200. In the same circle, or equal circles, two commen- 
surable arcs have the same ratio as the angles which they 
subtend at the centre, 

H ,K 



V 





In the circle AFC let the two arcs be AB and A C, 
and AOB and AOG the A which they subtend. 



We are to prove 



siTcAB ^ Z AOB 
arc ^ C ZAOC 



Let HKhe SL common measure of AB and A C, 
Suppose /fir to be contained in ^ J5 three times, 
and in AC five times. 



Then 



arc A B 



3 
5 



arc A G 

At the several points of division on A B and A C draw radii. 

These radii will divide Z AG C into five equal parts, of 

which Z A OB will contain three, § 180 

(in the same O, or eqiuil (D, equal arcs siffitend equal A at the centre). 

ZAGB _ 3 
, ''' ZAOG 5' 

arc ^ ^ 3 
But 



arc ^ (7 5 




arc ^ ^ Z AOB 
arc ^ (7 Z AOC 


Ax. 1. 

Q. E. D. 
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Proposition XIII. Theorem. 

201. In the same circle, or in equal circles , incom- 
mensurable arcs have the same ratio as the angles which 
they subtend at the centre, 

pi p 





In the two equal <i> ABF and A'B'F' let AB and A' B 
be two incommensurable arcs, and C, C the A which 
they subtend at the centre. 

We are to prove = — — . 

^ SiTcAB Z C 

Let AB he divided into any number of equal parts, and 
let one of these parts be applied to A' B' as often as it will be 
contained in A'B'. 

Since AB and A' B' are incommensurable, a certain num- 
ber of these parts will extend from A' to some point, as D, 
leaving a remainder D B' less than one of these parts. 

Draw C D. 
Since A B and A'D are commensurable, 

arc A'D ^ Z A' C D . g^^ 

arc .i ^ ZACB' ^ 

{two commensurable arcs have the same ratio as the A which they subtend at 

the cerUre). 

Now suppose the number of parts into which ^ ^ is divided 
to be continually increased ; then the length of each part will 
become less and less, and the point D will approach nearer and 
nearer to B', that is, the arc A' D will approach the arc A' B' as 
its limit, and the Z A' C D the Z A' C B' as its limit. 
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Then the limit of "^^'^^ wiU be ""^ '^' ^ , 

arc -4 jB sltc A JJ 

and the limit of ^/' ^' ^ will be ^ ^i^' 

Moreover, the corresponding values of the two variables, 

namely, 

arcA'D , A A' C* B 
— and — .> 

arcil^ Z.ACB 

are equal, however near these variables approach their limits. 

.-. their limits ^^ ^ ^ and ^L^-^JL are equal § 199 

arc^^ AACB ^ * 

Q. E. D. 

202. Scholium. An angle at the centre is said to he meas- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (°). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a degree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90° ; and a right angle, subtended by a quadrant, con- 
tains 90°. 

Hence an angle of 30° is J of a right angle, an angle of 45° 
is J of a right angle, an angle of 135° is J of a right angle. 

Thus we get a definite idea of an angle if we know the 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
onds, denoted by the symbol ("). 
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Proposition Xiy. Theorem. 

203. An inscribed angle is measured by one-half of tlie 

arc intercepted between its sides. 

B B B 




Case I. 

In the circle PAB {Fig, 1), let the centre C be in one 
of the sides of the inscribed angle B. 

We are to prove Z. B is ineasured hy \ arc PA, 

Draw CA, 
CA = CB, 

ipeing radii of the same O). 

.\Z,B==Z.A, §112 

(Peimg opposite equal sides). 

ZPCA=ZB+ZA. §105 

{t?ie exterior Z of a A is eqiial to the sum of the two opposite interior A). 
Substitute in the above equality Z B for its equal Z A. 
Then we have . ZPCA=-2ZB. 

But Z P C ^ is measured hj A P, § 202 

(pi>e Z. at the centre is measured by the intercepted arc). 

.'. 2 Z B i& measured by A P. 
.'. Z B 18 measured by ^ .4 P. 
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Case II. 

In the circle £AE (Fig* 2), let the centre C tall 
within the angle EBA. 

We are to prove Z. E BA is measured by \ arc E A, 

Draw the diameter BC P, 

Z FBA ia measured by ^ arc PA, (Case I.) 

Z PBE v& measured by J arc P E, (Case L) 

.-. Z PBA + Z PBE is measured by J (arc PA -h arc PE). 

.'. Z EBA is measured by J arc EA, 

Case III. 

In the circle BFP (Fig. 5), let the centre C fall with^ 
out the angle A BF, 

We are to prove Z A BF is measured by \ arc A F, 

Draw the diameter BC P. 

Z P B Fia measured by | arc P F, (Case I.) 

Z PBA is measured by J arc PA, (Case I.) 

.-. Z PBF— Z PBA is measured by \ (arc PF— arc PA), 

.'. Z ^ -S ^ is measured by i arc -4 F, 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a right angle, for it is measured by one-half a semi-circumfer- 
ence, or by 90°. 

205. Cor. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured by an arc less 
than one-half a semi-circumference ; i. e. by an arc less than 90**. 

206. Cor. 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a semi-circumference ; i. e. by an arc greater 
than 90**. 

207. Cor. 4. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 
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Proposition XV. Theorem. 

208. An angle formed hy two chords, and whose vertex 
lies between the centre and the circumference , is measured hy 
one-half the intercepted arc plus one-ialf the arc intercepted 
by its sides produced. 



Let the Z AOC be formed by the chords A B and CD. 

We are to prove 

A AOC is measured hy \ arc AC -\' \ arc B D, 

Draw A B, 
ZCOA=ZD + ZA, §105 

(the exterior Z.of a t\is equal to the sum of the two opposite iiUerior A ). 

But Z 2) is measured by \ arc AC^ § 203 

(a% inscribed A is measured hy \ the intercepted arc) ; 

and Z ^ is measured by J arc B D, § 203 

.'. Z (7 -4 is measured by J arc ^ (7 + J arc B D, 

Q. E. D. 



Ex. Show that the least chord that can be drawn through 
a given point in a circle is perpendicular to the diameter drawn 
through the point. 
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Proposition XVI. Theorem. 

209. An angle formed by a tangent and a chord U 
measured by one^half the intercepted arc. 




Let HAM be the angle formed by the tangent OM 
and chord AH. 

We are to prove 

Z. HA M is measured by J arc A EH 

Draw the diameter AC F, 

Z FA Mis Silt. Z, §186 

(tTie radiiLS drawn to a tangent at the point of contact is J_ to it). 

Z F AM, being a rt. Z, is measured by \ the semi-circum- 
ference AEF. 

ZFAHis measured by \ arc FH, § 203 

{an inscribed Z is measicred by i the intercepted arc) ; 

.-. ZFAM— Z FAHis measured by ^ (arc AFF—sltc HF). 
/, Z HA M is measured by ^ arc -4 ^ H. 

Q. E. D. 
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Proposition XVII. Theorem. 

210. An angle formed hy two secants y two tangents, or 
a tangent and a secant, and which has its vertex without the 
circunference, is measured hy one-half the concave arc, minus 
one-half the convex arc, 






M 

Fig. 1. Fig. 2. 

Case I. 
Let the angle (Fig, 1) be formed by the two secants 
OA and OB. 

We are to prove 

Z is measured hy ^oia AB — \ arc E C. 

Draw CB. 
ZACB = ZO + ZB, §105 

(the exterior Zofa A is equal to the stim of the two opposite iitterior A ). 
By transposing, 

ZO-=ZACB-ZB, 

But Z AC B i^ measured by J arc A B, § 203 

(an inscribed A is measured hy i the intercepted arc). 

and Z B \B measured by \ arc C E, § 203 

.'. Z is measured by J arc ^ -5 — | arc C E. 



Case II. 

Let the angle {Fig. 2) be fozmed by the two tan- 
gents OA and OB. 

We are to prove 

A Q 18 measured by ^ aic A MB — ^ arc A SB, 

Draw A B. 

ZABC = ZO + ZOAB, § 105 

{the exterior /.ofal^is eqtuil to the sum of the two opposite interior A ). 

By transposing, 

ZO = Z.ABC-/.OAB. 

But Z ABC\b measured by ^ arc A M B, § 209 

{an Z. formed by a tangent and a chord is measured by ^ the intercepted arc), 

and Z OABia measured by ^ sltc A S B. § 209 

.'. Z is measured by ^ arc A MB — ^ arc A SB, 

Case III. 

Let the angle {Fig, 3) be fozmed by the tangent 
OB and the secant OA. 

We are to prove 

Z is measured by ^ arc A D S -^ ^ arc CB S. 
Draw OS, 

ZA0S = Z + Z CSO, §105 

{the exterior Zofa Ais equal to the sum of the two opposite interior A), 
By transposing, 

Z = ZAOS-Z CSO. 
But Z ACS is measured by J arc ADS, § 203 

{being an inscHbcd Z). 

and Z CSOis measured by h arc C B S, § 209 

{being an Z formed by a tangent and a chord). 

.', Z 18 measured hy ^ arc A D S — ^ arc CBS. 

Q. E. D. 
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Supplementary Propositions. 
Proposition XVIII. Theorem. 

211. Two parallel lines intercept upon the circunir 
ference equal arcs. 

A 





Fig. 1. 

Let the two parallel lines C A and B F {Fig, 1), inter- 
cept the arcs C B and A F, 

We art to prove arc C B = arc A F, 
Draw A B, 



Z.A=AB, 

{being all. -int. A ). 

But the arc CB is double the measure of Z A. 
and the arc -4 ^ is double the measure of Z B. 



§68 



.*. arc C B = a.Tc A F, 



Ax. 6- 

Q. E. D. 



212. Scholium. Since two parallel lines intercept on tho 
circumference equal arcs, the two parallel tangents MN and 
P (Fig. 2) divide the circumference in two semi-circumferences 
AC B and A Q B, and the line A B joining the points of contact 
of the two tangents is a diameter of the circle. 
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Proposition XIX, Theorem. 

213. If the sum of two arcs he less than a ciranti" 
ference the greater arc is subtended by the greater chord ; 
and conversely, the greater chord subtends the greater arc. 

B 




P 
In the circle A OF let the two arcs A B and BC to- 
gether be less than the circumference, and let 
AB he the greater. 

We are to prove chord A B> chord B C. \ 

Draw A 0. 

In the A ABC 

Z C, measured by ^ the greater arc AB, § 203 

is greater than Z A, measured by J the less arc B C. 

.-. the side ^ J? > the side BC, § 117 

(m a t^ihe, greater Z. has tlie greater side opposite to it). 

Conversely : If the chord -4 ^ be greater than the 

chord B C, 

We are to prove arc AB^ arc B C 

In the A -4 ^ C, 

AB>BC, Hyp. 

,'.ZC>A, §118 

{in a A the greater side has the greater Z opposite to it). 

.\B,rc AB, double the measure of the greater Z (7, is greater 
than the arc B C, double the measure of the less Z A. 

Q. E. D. 
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Proposition XX. Theorem. 

214. If the sum of two arcs be greater than a circum- 
ference, the greater arc is subtended by the less chord; and, 
conversely, the less chord subtends the greater arc, 

B 




E 

In the circle BCE let the arcs AEOB and BAEC 
together be greater than the circumference, and 
let arc AEC B be greater than arc BAEC, 

We are tf prove chord AB <i chord B C. 

From the given arcs take the common sltc AE C ; 

we have left two arcs, CB and A B, less than a circumference, 

of which CB is the greater. 

.-. chord CB> chord A B, § 213 

(wlien the sum of two arcs is less than a circumference, ik€ greater arc is 

subtended by the greater chord). 

.*. the chord A B, which subtends the greater arc AJIC B, 
is less than the chord B C, which subtends the less arc BAEC, 

Conversely : If the chord ABh^ less than chord B C, 
We are to prove arc AEC B^ arc BAEC, 

Arc AB '\- diPcc AEC B = the circumference. 

Arc BC + a.TC BA EC== the circumference. 
.-. siTC AB + five AEC B = SiTcBC + SLTC BAEC, 

But arc ^ ^ < arc B C, § 213 

(being subtended by the less chord). 

.'. SLTc AEC B>a,To BAEC, 

Q. E. D. 
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On Constructions. 

Proposition XXI. Problem. 

215. To find a point in a plane y having given its diS' 
iances from two known points, 

C 

!^ V* 



Let A and B he the two known points; n the dis- 
tance of the required point from A, o its distance 
from B, 

Jt is required to find a point at the given distances from A 
and B, 

From A Q&Q. centre, with a radius equal to ti, describe an arc. 

From 5 as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at C, 

C is the required point. 

Q. E. F. 



216. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. 

217. Cor. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from A to B equal 71 + o. 

From A as a. centre, with a \/ 

radius equal to n, describe an arc ; A' ci 'B 

and from ^ as a centre, with A 

a radius equal to 0, describe an ^ 

arc. 

These arcs will touch each ~ 



other at C, and will not intersect. 

.'. C is the only point which can be found. 

218. Scholium 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from A to B he greater than n + o. 

Then from A as s. centre, 
with a radius equal to ?i, de- ^' II *-S 

scribe an arc; 

and from Basa centre, with a 
radius equal to 0, describe an arc. * 

These arcs will neither touch 
nor intersect each other ; 

hence they can have no point in common. 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the difference of the 
distances of the required point from the two given points. 

Let the distance from ^ to ^ be less than n — o. 

From ^ as a centre, with a radius ^^ "^\ 

equal to n, describe a circle ; / ^ \ 

and from 5 as a centre, with a / / \ \ 

radius equal to 0, describe a circle. j / ^ \ \ 

. . I \ A' »B \ \ 

The circle described from j5 as a \ \ ] \ 

centre will fall wholly within the circle \ \^ y / 

described from ^ as a centre : \ " / 

hence they can have no point in ^ "" -^"^ 

common. 



\ 
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Proposition XXIL Problem. 

220. To bisect a given straight line, 

C 



Y 

« # 
ft * 



E 
Let AB be the given straight line. 

It is required to bisect the line A B, 

From A and B as centres, with equal radii, describe arcs 
intersecting at G and E. 

Join CE. 

Then the line C E bisects A B. 
For, (7 and E, being two points at equal distances from the 
extremities A and B, determine the position of a J» to the mid- 
dle point ofAB. § 60 



Proposition XXIII. Problem. 



Q. E. F. 



221. At a given point in a straight line, to erect a 
perpendicular to that line, r 



\ 



H ^ 

Let be the given point in the straight line AB. 
It is required to erect a 1. to the line AB at the pohit 0. 

Take 0H= OB, 
Prom B and H as centres, with equal radii, describe two 
arcs intersecting at B. 

Then the line joining ^S is the _L required. 

For, and B are two points at equal distances from B and II, and 

.'. determine the position of a J_ to the line HB at its 
middle point 0. § 60 

^ Q. E. F. 
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Proposition XXIY. Problem. 

222. From a point without a straight line, to let fall a 
perpendicular upon that line, 

C 



N 



/ 



x: 



;i^ 



X 



H^-- 



m 



'"K 



Let AB be a, given straight line, and C a given point 
without the line. 

It* is required to let fall a A. to the line A B from the point C. 

From (7 as a centre, with a radius sufl&ciently great, 

describe an arc cutting ^ ^ at the points H and K, 

Froin H and K as centres, with equal radii, . 

describe two arcs intersecting at 0, 

Draw C 0, 

and produce it to meet AB eX m, 

C mi» the _L required. 

For, C and 0, being two points at equal distances from H 
and K, determine the position of a J_ to the line H K dX its 
middle point. § 60 

Q. E. F. 
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Proposition XXV. Problem. 

228. To construct an arc equal to a given arc whose 
centre is a given point, 

\ / 

Let C be the centre of the given arc A3. 

It is required to construct an arc equal to arc A B, 

Draw a ^, CA, and .i ^. 

From C* as a. centre, with a radius equal to CB, 

describe an indefinite arc B^ F, 

From ^^ as a centre, with a radius equal to chord A B, 

describe an arc intersecting the indefinite arc at A'. 

Then arc A' B' = arc A B. 

For, draw chord A' B', 

The (D are equal, 
(}>eing described with eqiml radii), 

and chord A^ B* = chord A B ; Cons. 

.-. arc A' B' = arc AB, § 182 

(in equal (D equal chords subtend equal arcs). 

Q. E. F 
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Proposition XXVI. Problem. 

224. At a given point in a given straight line to con- 
struct an angle equal to a given angle, 

F 





B Bf 

Let C be the given point in the given line C &, and 
C the given angle. 

It is required to construct an A at C equal to the Z. C. 

From C as a centre, with any radius as CB, 
describe the arc A B, terminating in the sides of the Z. 

Draw chord A B. 

From C as a centre, with a radius equal to C B, 

describe the indefinite arc B' F, 

From B' as a centre, with a radius equal to A B, 

describe an arc intersecting the indefinite arc at A', 

Draw A' C. 

Then Z. C = Z C, 

^omA'B'. 



For, 

The © to which belong arcs A B and A' B' are equal, 
(being described vrUh eqv/il radii). 



and chord A^ B' = chord A B ; 

.'. arc -4'^' = arc A B, 
{in equal CD equal chords subtend equal arcs). 



Cons. 
§182 



.\ZC' = ZC, §180 

(in equal ® eqv>al arcs subtend equal A at the centre). 

Q. E. F- 
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Pboposition XXVIL Problem. 



225. To bisect a given arc, 

A 




^X 



-X^' 



Let A OB be the given arc. 

It IS required to bisect the arc AO B, 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe arcs intersecting at E and (7. 

Draw E C, 

E G bisects the arc AG B, 

For, E and G, being two points at equal distances from 
A and B, determine the position of the _L erected at the middle 
of chord AB', § 60 

and a _L erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

Q. E. F. 
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Proposition XXVIII. Problem. 

226. To bisect a given angle, 

A 




Let AEB be the given angle. 
It w required to bisect A AEB, 

m 

From ^ as a centre, with any radius, as E A, 

describe the arc -4 -6, terminating in the sides of the Z. 

Draw the chord A B, 

From A and B as centres, with equal radii, 

describe two arcs intersecting at C, 

Join E C. 

E C bisects the Z. E. 

For, E and (7, being two points at equal distances from A and 
B, detennine the position of the JL erected at the middle of 
AB, § 60 

And the JL erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

.'. arc A "= B,T(i By 

,\Z.AEC = Z BEC, §180 

(jin the mine circle equal arcs sicbtend equal A at the centre). 

Q. E. F. 
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Proposition XXIX. Problem. 

227. Through a given point to draw a straight line 
parallel to a given straight line, 

E -r- H 



A^ 



Let AB be the given line, and H the given point. 

It 18 required to draw through the point H a line II to the 
line A B. 

Draw HA, making the Z. H AB, 

At the point H construct Z A H E = Z. HAB. 

Then the line //^ is II to A B. 

For, ZEHA=Z.HAB', Cons. 

.-.iT^is II toil^, §69 

{ychen two straigM lines, lying in the same plane, are cut by a third straight 
line, if the alt. -int. A be equal, the lines are parallel). 

Q. E. F. 



Ex. 1. Find the locus of the centre of a circumference which 
passes through two given points. 

2. Find the locus of the centre of the circumference of a 
given radius, tangent externally or internally to a given cir- 
cumference. 

3. A straight line is drawn through a given point A, inter- 
secting a given circumference at B and C. Find the locus of 
the middle point F of the intercepted chord B C. 
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Proposition XXX. Problem. 

228. Tioo angles of a triangle being given to find the 

third. 

R 



I 
I 

E ™:::::>^ 




Let A and B be two given angles of a triangle. 

It is required to find the third /. of the A. 

Take any straight line, as E F, and at any point, as iT, 

construct A RHF equal to Z B^ 

and Z. SH E equal to Z A, 

Then Z ^ZTaS' is the Z required. 

For, the sum of the three ^4 of a A = 2 rt. ^i, § 98 

and the sum of the three A about the point Hy on the same 
sideof ^i^=2rt. A. § 34 

Two A of the A being equal to two A about the 
point ZT, Cons. 

the third Z of the A must be equal to the third Z about 
the point H, 

Q. E. F. 
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Proposition XXXI. Problem. 

229. Two sides and the included angle of a triangle 
being given, to construct the triangle, 

M 

.----^ 

JT-^ \h 

E 



F 



Let the two sides of the tziangle be E and F, and 
the included angle A, 

It is required to construct a A having two sides equal to E 
arid F respectively^ and their included /. = /. A, 

Take HK equal to the side F. 

At the point H draw the line H M, 
making the Z KHM = Z A. 
On HM take EC equal to E. 

Draw K. 

Then A CHE is the A require4. 

Q. E. F. 
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Proposition XXXII. Problem. 

230. A side and two adjacent angles of a triangle being 
given, to construct the triangle, 



/ ~^- 

E^ 





Let E be the given side, A and B the given angles. 

It is required to construct a A having a side equal to C B, 
and two A adjacent to that side equal to A A Und B respectively. 

At point C construct an Z. equal to Z -4. 

At point E construct an Z equal to Z B, 

Produce the sides until they meet at 0. 

Then A (7 ^ is the A required. 

Q. E. F. 

231. Scholium. The problem is impossible when the two 
given angles are together equal to, or greater than, two right 
angles. 
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Proposition XXXIII. Problem. 



. V 



232. The three sides of a triangle being given, to con- 
struct the triangle. 




m 



n 



Let the three sides be m, n, and o. 

It is required to construct a A having three sides respectively, 
equal to m, n, and o. 

Draw A B equal to n. 

From il as a centre, with a radius equal to o, 

describe an arc ; 
and from ^ as a centre, with a radius equal to r», 

describe an arc intersecting the former arc at (7. 

Draw CA and C B, 

Then ACABi^ the A required. 

Q. E. F. 

233. Scholium. The problem is impossible when one side 
is equal to or greater tlian the sum of the other two. 
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Proposition XXXIV. Problem. 

234. The hypotenuse and one side of a right triangle 
being given, to construct the triangle. 




m 



Let m be the given side, and o the hypotenuse. 

It is required to construct a rt. ^ having the hypotenuse 
equal o and one side equal m. 

Take A B equal to m. 

At A erect a _L, il X. 

From ^ as a centre, with a radius equal to o, 

describe an arc cutting AXoiC. 

Draw CB. 



Then 



A C A B \a the A required. 



Q. E. F. 
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Proposition XXXV. Problem. 

235. The base, the altitude y and an angle at the base, 
of a triangle being given^ to construct the triangle. 



\^ 




m 




Let o equal the base, m the altitude, and C the angle 
at the base. 

It is required to construct a A having the hose equal to o, 
the altitude equal to m, and an Z. at the base equal to C, 

Take A B equal to o. 

At the point A, draw the indetinite line A R, 

making the Z. BAR = /. C. 

At the point Ay erect a JL ^ JT equal to m. 

From X draw XS II to A B, 

and meeting the line AR dX S. 

Draw SB, 

Then A A SB is the A required. 

q. E. F. 



1 
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Proposition XXXVI. Problem. 

236. Two aides of a triangle and the angle opposite one 
of them being given, to construct the triangle. 

Case I. 

Whtn the given angle is acute, and the side opposite to it is less than 
the other given side. 



Let c be the longer and a the shorter given side, and 
Z A the given angle. 

It is required to construct a A having tuH) sides equal to a 
and c respectively, and the Z. opposite a equal to giveii A A. 
Construct Z D A E equal to the given Z A, 

OD.AD take A B = c. 

From 5 as a centre, with a radius equal to a, 

describe an arc intersecting the side AEdXC and C". 

Draw B C and B C", 
Then both the A ^ ^ C and A B C" fulfil the conditions, 
and hence we have two constructions. 

When the given side a is exactly equal to the 1. B C, there 
will be but one construction, namely, the right triangle ABC. 

When the given side a is less than B C, the arc described 
from B will not intersect A E, and hence the problem is im- 
possible. 
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Case II. 

WTien the given angle is aciUe, rights or obtuse, and the side opposite 
to His greater than the other given side. 

D 

\ 




A 



/ 



V 



o\ 



^ 



c»\. 



\ 



\ 



\ 



\^ 



.."'C 



•--.. 



Fig. 1. 



Fig. 2. 



a 




When the given angle is obttcse. 
Construct tliQ Z DAE (Fig. 1) equal to the given Z S, 

Take A B equal to a. 
From -ff as a centre, with a radius equal to c, 
describe an arc cutting UAsitC, and EA produced at (7'. 

Join BCsLudB C, 

Then the t^ ABC\& the A required, and there is only one 
construction ; for the A A BC will not contain the given Z S, 

When the given angle is acute, as angle B A CK 
There is only one construction, namely, the ABAC (Fig. 1). 

When the given /.is a right angle. 

There are two constructions, the equal ABAC and BAC 
(Fig. 2). a. E. F. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. § 117 
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Proposition XXXVIL Problem. 

237. Two sides and an included angle of a parallelo- 
gram being given, to construct the parallelogram. 

R 



I h 



L 



I 



I 



I 
I 



m 



Let m and o be the two sides, and C the included 
angle. 

It is required to construct a EJ having two adjacent sides 
equal to m and o respectively, and their included Z. equal to A (7. 

Draw A B equal to o. 

From A draw the indefinite line A E, 

making the Z A equal to Z C. 

On A E take A H equal to m. 

From ZT as a centre, with a radius equal to o, describe 
an arc. 

From ^ as a centre, with a radius equal to m, 

describe an arc, intersecting the former arc at E. 
T>mw F II s.nd U B. 
The quadrilateral A B JEHis the O required. 
For, AB = HE, Cons. 

AH = BE, Cons. 

.-. the figure ABEH is a O, § 136 

(a quadrilateral, which has its opposite sides equal, is a CD). 

^. ^. F, 
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Proposition XXXVIII. Problem. 

238. To describe a circumference through three points 
not in the same straight line. 



/ 
/ 

/ 

/ 
I 









\ 
\ 
\ 
\ 
\ 



\ 



\ 
I 
I 
\ 



\ 



\ 



V 






F/ 



I 
/ 



B 

Let the three points be A,B, and C, 

It is required to describe a circumference throitgh the three 
points A, By and 0, 

Dia,w A B smd B C. 

Bisect AB&ndB C. 

At the points of bisection, JS and F, erect J§ intersect- 
ing at 0. 

From as a centre, with a radius equal to -4, describe a 
circle. 

O ABO is the O required. 

For, the point 0, being in the JL E erected at the middle 
of the line A B, is at equal distances from A and B ; 

and also, being in the JL FO erected at the middle of the 
line C B, is at equal distances from B and 0, § 58 

{every point in the ± erected at the middle of a straight line is at equal 

distances from the extreviities of that line), 

.". the point is at equal distances from A, j5, and C, 

and a described from as a centre, with a radius equal 
to A, will pass through the points A, B, and C, 

Q. E. F. 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle^ that is^ to circumscribe a circle about a given triangle. 
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Pboposition XXXIX. Pboblem. 

240. Through a given point to draw a tangent to a 
given circle. 

^ M ..... 





Case 1. — Wlun the given point is on the circumference. 

Let ABC {Fig. f) be a given circle, and C the given 
point on the circumference. 

It is required to draw a tangent to the circle at 0. 

From the centre 0, draw the radius C. 

At the extremity of the radius, (7, draw C M A.to OC, 

Then CM is the tangent required, § 186 

{a straight line ±to a radius at its extremity is tangent to the O). 

Case 2. — When the given point is without the circumference. 

Let ABC (Fig, 2) be the given circle, its centre, 
E the given point without the circumference. 

It is required to draw a tangent to the circle ABC frmn 
the point E. 

Join E. 

On E Q&B. diameter, describe a circumference intersecting 
the given circumference at the points M and H. 

Draw il/ and H, EM and EH. 

Kow Z ME is a rt. Z, . § 204 

{being inscribed in a semicircle), 

.'. EM is -L to OMat the point M; 

.'. EM 18 tangent to the O, § 186 

(a straight line Xto a radius at its extremity is tangent to the O). 

In like manner we may prove HE tangent to the given O. 

Q. E. F. 

241. Corollary. Two tangents drawn from the same point 
to a circle are equal. 
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Proposition XL. Problem. 

242. To inscribe a circle in a given triangle, 

B 
M 




Let ABC be the given triangle* 
It is required to inscribe a O in the ^ A B C. 
Draw the line A E, bisecting Z -4, 
and draw the line C Ey bisecting Z (7. 
Draw EH A. io the line A G. 
From E, with radius EH, describe the O KMH. 
The O ^ jy if is the O required. 
Per, draw J^Jr±to^^, 
* and ^if± to ^C. 
In the rt. A ii KE and A HE 

AE = AE, Iden. 

AEAK=AEAH, Cons. 

.\AAKE-=AAHE, §110 

{Two rt. A are equal if the hypotenuse avid an aciUe Z. of the omA "be eqtcal 
respectively to the hypotembse and an acute Z of the other). 

.\EK = EH, 

(being homologous sides of eqital /^). 

In like manner it may be shown E M= EH. 

.'. EK, EH, and EMene all equal. 

.'. a O described from jI^ as a centre, with a radius equal to EH, 

will touch the sides of the A at points H, K, and M, and 
be inscribed in the A. § 174 

Q. E. F. 
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Pboposition XLI. Problem. 

243. Upon a given straight line, to describe a segment 
which shall contain a given angle. 




7 



M 



Let AB be thfi given line, and M the given angle. 

It is required to describe a segment upon the line A B, which 
sliall contain Z. M, 

At the point B construct Z.ABE equal to Z. M. 

Bisect the line ABhj the L F H. 

From the point By draw BO JLio E B. 

From 0, the point of intersection oi F H and ^ 0, as a 
centre, with a radius equal to B, describe a circumference. 

Now the point 0, being in a J. erected at the middle of 

A By is at equal distances from A and B, § 68 

(every point in a ± erected at the middle of a straight line is at equal dis- 
tances from the extremities of that line) ; 

.'. the circumference will pass through A. 

I^ow BE\BA.ioOB, Cons. 

.-. ^ ^ is tangent to the O, § 186 

{a straight line ±to a radius at its extremity is tangent to the O). 

.'.Z. ABE is measured by J arc AB, § 209 

(being an Z formed by a tangent and a chord). 

Also any Z inscribed in the segment A ffB, as for instance 
Z A KB, is measured by ^ sltg A B, § 203 

(being an inscribed A ). 
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.\ZAKB==AABE, 

{being both measured by i the same arc) ; 

.'.ZAKB^ZM. 
segment ARB is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 

244. To find the ratio of two commenmrahle straight 

lines, 

E H 

A » 1— l-fi 

K 

CI , , ^D 

F 
Let AB and C D be two straight lines. 

It is required to find the greatest common measure of AB 

and C Dy so as to express their ratio in figures. 

Apply C D to AB B& many times as possible. 

Suppose twice with, a remainder E B, 

Then apply EB to D as many times as possible. 

Suppose three times with a remainder FD, 

Then apply FB to E B as many times as possible. 

Suppose once with a remainder HB. 

Then apply HB to F D b& many times as possible. 

Suppose once with a remainder K D. 

Then apply K D to HB as many times as possible. 

Suppose KB is contained just twice in H B, 

The measure of each line, referred to KB as a unit, will 
then be as follows : — 

HB =2KB; 

FB = HB + KB= ZKB; 

EB = FB-\-HB= 5KB; 

GB =3EB+ FB = 18KB; 

AB ==2CB+ EB = 4:1KB. 

. AB^ ^ 41KB ^ 
' ' CB ISKB' 
AB 41 



.•, the ratio of 



CB 18* 

Q. 
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Exercises. 

1. If the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet ; show that the sum of all 
the angles at their points of intersection will be equal to two 
right angles. 

2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the vertices of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. ABB iask semicircle of which the centre is ; and A EC 
is another semicircle on the diameter AC; A T is a common 
tangent to the two semicircles at the point A, Show that if 
from any point F, in the circumference of the first, a straight 
line FC he drawn to C, the part FK, cut off by the second 
semicircle, is equal to the perpendicular FHio the tangent A T, 

5. Show that the bisectors of the angles contained by the 
opposite sides (produced) of an inscribed quadrilateral intersect 
at right angles. 

6. If a triangle ABGhe formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and A N, are fixed, while the third, B C, tenches the cir- 
cumference at a variable point P ; show that the perimeter of 
the triangle ABC ia constant, and equal to AM + AN', or 
2 AM. Also show that the angle B C ia constant. 

7. A B ia any chord and AC ia tangent to a circle at A, 
C D E Q, line cutting the circumference in D and E and parallel 
to ^ jB ; show that the triangle AG D ia equiangular to the 
triangle EAB. 
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Constructions, 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may be equal to the diameter 
of the inner circle. 

2. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point 
of the base : construct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle : construct the triangle. 

4. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
triangle. 

5. Describe a circle cutting the sides of a given square, so 
that its circumference may be divided at the points of inter- 
section into eight equal arcs. 

g. Construct an angle of 60°, one of 30®, one of 120°, one 
of 150°, one of 45°, and one of 135°. 

7. In a given triangle ABC, draw Q D E parallel to the base 
B C and meeting the sides of the triangle at D and E, so that 
DjE^ shall be equal to i>^ + EC, 

8. Given two perpendiculars, A B and CD, intersecting in 0, 
and a straight line intersecting these perpendiculars in E and F', 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F. (Two solutions.) 

9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point. 
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PROPORTIONAL LINES AND SIMILAR POLYGONS. 



On the Theory of Proportion. 

245. Def. The Terms of a latio are the quantities com- 
pared. 

246. Def. The Antecedent of a ratio is its first term. 

247. Def. The CoTueqiient of a ratio is its second term. 

248. Def. A Proportion is an expression of equality be- 
tween two equal ratios. 

A proportion may be expressed in any one of the following 
forms : — 

1. a : b : : c : d 

2. a : b = c : d 

3. ?=^^. 
b d 

Form 1 is read, a is to 6 as c is to d. 

Form 2 is read, the ratio of a to 6 equals the ratio of c to d. 

Form 3 is read, a divided by b equals c divided by d. 

The Terms of a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second and fourth terms are the consequents. 

249. The Extremes in a proportion are the first and fourth 
terms. 

250. The Means in a proportion are the second and third 
terms. 
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251. Def. In the proportion a :b : : c : d; d ia & Fourth 
Proportional to a, h, and c. 

252. Def. In the proportion a:6::6:c; c is a Third 
Proportional to a and 6. 

253. Def. In the proportion a:6::6:c; 6is a Mean 
Proportional between a and c. 

254. Def. Four quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a : 6 : : - : — . 

c d 

If we have two quantities a and 6, and the reciprocals of 

these quantities - and - ; these four quantities form a redpro- 

a b 

cat proportion, the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : 6 : : - : -. 

6 a 

255. Def. A proportion is taken by Alternation, when the 
means, or the extremes, are made to exchange places. 

Thus in the proportion 

a \ h : I c : d, 
we have either 

a \ c : : h : d, or, d : h : : c : a, 

256. Def. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a \ h : \ c : d, 
by inversion we have 

h : a : ; d : c. 

257. Def. A proportion is taken by Composition, when 
the sum of the first and second is to the second as the sum of 
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the third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth 
is to the third. 

Thus if a : h : : c : d, 

we have by composition, 

a + b : b : : c + d : df 

or, a + b : a : : c -h d : c. 

258. Dep. a proportion is taken by Divinonj when the 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth ; or when the 
difference of the first and second is to the first as the difference 
of the third and fourth is to the third. 

Thus if a \ b : : c \ d^ 

we have by division 

a — b '. b I : c — d : d^ 

or, a — b : a : : c — d : c 

Proposition I. 

259. In every proportion the product of the extremes is 
equal to the product of the means. 

Let a I b : : c : d. 

We are to prove ad =^ be. 

Now 2 = :?, 

b d 

whence, by multiplying by b d, 

ad^bc. 

Q; E. D. 
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In the treatment of proportion, it is assumed that fractions 
may be found which will represent the ratios. It is evident that 
a ratio may be represented by a fraction when the two quanti- 
ties compared can be expressed in integers in terms of any 
commmi unit. Thus the ratio of a line 2^ inches long to a line 
3J inches long may be represented by the fraction §f when both 
lines are expressed in terms of a unit yV ^^ *^ i^ch long. 

But it often happens that no unit exists in terms of which 
both the quantities can be expressed in integers. In such cases, 
however, it is possible to find a fraction that will represent the 
ratio to any required degree of accuracy. 

Thus, if a and h denote two incommensurable lines, and h be 
divided into any integral number {n) of equal parts, if one of 
these parts be contained in a more than m times, but less than 

w + 1 times, then - > — but < — — — ; so that the error 

h n n 

n 1 

in taking either of these values for -is < -. Since n can 

h n 

be increased at pleasure, - can be made less than any assigned 

n 

value whatever. Propositions, therefore, that are true for — and 

n 

— It — , however little these fractions difier from each other, are 
n 

true for - ; and - may be taken to represent the value of -. 
h n b 



Proposition II. 

260. A mean proportional between two quantities is 
equal to the square root of their product. 

In the proportion a : b : : 6 «: c, 

b^ = ac, §259 

{t?ie product of the extremes is equal to the product of the means). 

Whence, extracting the square root, 

b = ^ ac. 

Q. E. D. 
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Proposition III. 

261. If the product of two quantities be equal to the 
product of two others, either two may be made the extremes 
of a proportion in which the other two are made the means. 

Let ad^= be. 

We are to prove a : b : i c : d. 

Divide both members of the giveii equation hj bd. 

Then 5^ = i, 

b d' 

or, a : b : : c : d. 

Q. E. D. 



Proposition IV. 

262. If four quantities of the same kind be in propor- 
tion, they will be in proportion by alternation. 

Let a \ b \\ c \ d. 
We are to prove a : e : \ b : d. 

Now, t^i, 

b d 

Multiply each member of the equation by - . 

c 

Then ? = t 

c a 

or, a : c : : b : d. 

Q. E. D. 
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Proposition V. 

263. If four quantities he in proportion, they will be in 
jproportion by inversion. 

Let a \ h \ \ c \ d. 

We are to prove h \ a : i d i c. 

Now, - r= - . 

h d 

Divide 1 by each member of the equation. 

Then ^ = ^, 

a c 

or, b : a : : d : c. 

Q. E. D. 

Proposition VI. 

264. If four quantities be in proportion , they mil be in 
proportion by composition. 

Let a : b : : c : d 

We are to prove a+6 : h ::c + rf : d» 

Now - = — . 

b d 

Add 1 to each member of the equation. 
Then 1 + 1 = 1+1, 

,, .. a + h c+(i 

that IS, = — - — , 

b d 



or. 



a+6:6::c + o?:c?. 



Q. E. D. 
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Proposition VII. 

265. If four quantiiie% he in proportion y they will he in 
proportion by division. 

Let a : b : : c : d. 

We are to prove a-^ b : b : : c — d : d. 

Now - = — . 

b d 

Subtract 1 from each member of the equation. 



Tl»«« 


a c 


ineii 


b ^ d ^' 


that is. 


a — b c^ d 




b ^ d ' 


or, 


a — b:b\\c — d\d. 



Q. E. D. 

Proposition VIII. 
266. In a series of equal ratios, the sum of the ante- 
cedents is to the sum of the consequents as any antecedent is 
to its consequent. 

Let a : 6 = c : d = e 'f = g i h. 
We are to prove a + c+c + ^:6 + c?+/+A::a;6. 
Denote each ratio by r. 

a c e g 

Whence, a = br, c^ dr, e ^fr, g^hr. 

Add these equations. 

Then a + c ■\- e + g = {h -{■ d + f + h) r. 

Divide by (6 + c? + / + A). 

rrii a ■\- c + e •\- q a 

Then — = ^ == , 

b-^d + f+h ^ b 
or, a + c + 6 + ^ : 6 + c? + / -f A : : a : 6. 

Q. E. D. 
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Proposition IX. 

267. The products of the corresponding terms of two or 
more proportions are in 'proportion. 

Let a : b : : c : df 
e if : : g : h, 
k : I : : m : n. 

We are to prove aek : bfl : : cgm : dhn. 

Now f = f, i=£, ^=T. 

h d f h In 

Whence by multiplication, 

aek cgm 

hfl dhn 

or, aek : hfl : : cgm : dhn. 

Q. E. D. 

Proposition X. 

268. Like powersy or like roots, of the terms of a pro- 
portion a/re in proportion. 

Let a : b : : c : d. 

We are to prove a** : 6* : : c* : c?*, 

1 L L 1 
and a» : ftw : : en : c?n. 

ISow ? = £. 

6 d 

By raising to the n^ power, 

— = — : or a** : ft'* : : c** : d^. 

By extracting the w*** root, 

1 1 

a'<^ c^ 1 1 JL 1 

— = _. j or, a» : 6» : : c» : c?» . 

Q. E. D. 

269. Def. Equimultiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus m a and m h are equimultiples of a and h. 
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Proposition XL 

270. Equimultiples of two quantities are in the same 
ratio as the quantities themselves. 

Let a and b be any two Quantities. 

We are to prove ma : mb : : a : b, 
vr a a 

b b 
Multiply both terms of first fraction by m. 



Then 


ma a 

mb b 




or, 


ma : mb : : a 


: 6. 



Q. E. D. 

Proposition XIL 

271. If two quantities be increased or diminished by 
like parts of each, the results will be in the same ratio as the 
quantities themselves. 

Let a and b he any two quantities. 

We are to prove a ±: — a : b ± ^ b : : a : b, 

9 <l 

In the proportion, 

ma \ mb \ \ a \ by 

substitute for m, 1 ± ^ . 

<l 

Then {\ ±t\ a . {\ ±t\b \ \ a \b, 

or a ± ? a : 6 db - ft : : a : ft. 

Q. E. D. 

272. Dep. Euclid's test of a proportion is as follows : — 

" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the secoDjcL and fourth ; 
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" If the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth ; or, 

" If the multiple of the first be eqital to that of the second, 
the multiple of the third is also equal to that of the fourth ; or, 

"If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 
the fourth." 



Proposition XIIL 

273. If four quantities be proportional according to the 
algebraical definition y they will also be proportional according 
to Euclid's definition. 

Let a, b, c, d be proportional according to the alge- 

a c 

braical definition ; that is t= -^ • 

a 

We are to prove a, b, c, c?, proportional according to Euclid! s 
definition. 

Multiply each member of the equality by ^ . 

n 



Then 



ma mc 



nh nd 

Now from the nature of fractions, 

if m a be less than nb, mc will also be less than n d ; 

if ma he equal to nb^ mc will also be equal to nd ; 

if w a be greater than n b, m c will also be greater than n d. 

.', a, b, c, d are proportionals according to Euclid's def- 
inition, 

Q. E. D. 
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EXEBGISBS. 

1. Show that the straight line which bisects the external 
vertical angle of an isosceles triangle is parallel to the base. 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle point of the 
first. 

3. Show that the angle between the bisector of the angle A 
of the triangle ABO and the perpendicular let fall from A on 
BG ia equal to one-half the difference between the angles B 
and 0. 

L In any right triangle show that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- 
nuse is equal to one-half the hypotenuse. 

5. Two tangents are drawn to a circle at opposite extremities 
of a diameter, and cut off from a third tangent a portion A B. 
If be the centre of the circle, show that ACB is & right angle. 

6. Show that the sum of the three perpendiculars from any 
point within an equilateral triangle to the sides is equal to the 
altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicular to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two sides; show that a circle 
can be inscribed in the quadrilateraL 
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On Peoportional Lines. 

Proposition I. Theorem. 

274. If a series of parallels intersecting any two 
straight lines intercept equal parts on one of these lineSy 
they will intercept equal parts on the other also. 

H W 




K Ki 



Let the series of parallels AA\ BB', CC, BJy, EE', 
intercept on H' K' equal parts A'B', B'C, C'B', etc. 

We are to prove 

they intercept on H K equal parts A B, BCy C Dy etc. 

At points A and B draw A m and ^ ?i II to W K'. 

Am = A'B', §135 

{parallels comprehended between parallels are equal), 

Bn = B'C', §135 

.*. Am^= Bn. 
In the A BAm and C Bn, 

ZA=ZB, . . § "^7 

(Jiaving their sides respectively II and lying in the same direction from 

the vertices). 

Z m = Z. n, § 77 

and Am = Bn, 

.'. ABAm = A CBn, § 107 

ijujmng a side and two adj. A of the one equal respectively to a side and 

two adj. A of the other). 

.-. AB = BC, 

(being homologous sides of eqiml ^). 
In like manner we may prove B C= CD, etc. 

Q. E. D. 
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Proposition II. Theorem. 

275. If a line he drawn through two aides of a triangle 
parallel to the third side^ it divides those sides propor- 
tionally. 




Fig. 1. Pig. 2. 

In the triangle ABC let EF be drawn parallel to B G. 

EB FC 



We are to prove 



AE AF 



Case I. — When A E and EB {Fig. 1) are commensurable. 

Find a common measure of A E and EB, namely Bm. 
Suppose Bm to he contained in BE three times, 
and in ^ ^ five times. 
EB ^ 3 
AE 5 



Then 



At the several points of division on B E and A E draw 

straight lines II to B C. 

These lines will divide A into eight equal parts, 

of which FG will contain three, and A F will contain five, § 274 

(if parallels intersecting any two straight lines intercept equal parts on one 

of these lines, they will intercept equal parts on the other also), 

. FG S 
5 



But 



AF 

EB 
AE' 

EB ^ FC 

AE TF 



6' 



Ax. 1 
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Case. II. — JVhen A E and E B {Fig. 2) are incommensurable. 

Divide A E into any number of equal parts, 

and apply one of these parts to -^^ as often as it will be 
contained in E B, 

Since A E and E B are incommensurable, a certain number 
of these parts wiU extend from ^ to a point K, leaving a re- 
mainder KBy less than one of the parts. 

jyiom KHW to BC. 

Since A E and EK are commensurable, 

- _ = (Case 1.) 

AE AF ^ ' 

Suppose the number of parts into which -4 ^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B. 

The limit of ^Z wiU be EB, and the limit of J^^ will be FC 

.*. the limit of will be , 

AE AE 

and the limit of — - will be — - . 

AF AF 

Now the variables ^^ and _- are always equal, how- 

A E AF 

ever near they approach their limits ; 

.-. their limits El. and L^ are equal, § 199 

AE AF 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB : AE :: FO : AF. § 275 

By composition, 

EB + AE : AE '.'. FC+ AF : AF, § 263 

or, . AB : AE :: AC '.AF. 
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Proposition III. Theorem. 

277. If a straight line divide two sides of a triangle 
proportionally, it is parallel to the third side. 

A 




In the tziangle ABC let EF be drawn so that—= — - 

AE AF 

We are to prove EFWto BO. 

From E draw EH II to B 0. 

Then ^ = ^. § 276 

{one side of a t:^ is to either part cut off by a line W to the base, as the other 

side is to the corresponding part). 

But 44 = 41, Hyp. 



Ax. 1 





AE 


AF' 




. AC 


AC 




" AF 


AH' 




.\ AF 


-AH. 


. 


'. E F And E E coincide, 


{th£ir 


extremities 


being {ht same jxnnta). 




EHu 


i W to BC; 



But E H is W to BC; Cons. 

.'. EF, which coincides with E IT, is II to B C 

Q. E. D. 

278. Def. Similar PolygoTis are polygons which have their 
homologous angles equal and their homologous sides proportional 

Homologous points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 
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On Similar Polygons. 

Proposition IV. Theorem. 

279. Two triangles which are mutually equiangular are 
similar. 




In the A ABC and A' B' O let A A, B, C be equal to 
A A', B', C respectively. 

We are to prove A B : A' B' = AC \ A' C =- B G : B' C. 

Apply the A A' B' C to the A ^ 5 (7, 
so that Z. A' shall coincide with Z. A. 

Then the A A' B' C wiU take the position ofAAEff. 

Kow Z ABE (same as ZB') = Z B. 

.'. E His W to BC, §69 

(when ttvo straight lines, lying in the same plane, are cut by a third straight 
line, if the ext. int, A he equal the lines are parallel). 

.\AB : AE --: AC : A ff, §276 

(<me side of a A is to either part cut off by a line W to the base, as the other 

side is to the corresponding part). 

Substitute for A E and A H their equals A' B' and A' C. 
Then AB : A' B' == A C : A'C. 

In like manner we may prove 

AB : A'B' == BC : B' O. 
.'. the two A are similar. § 278 

Q. E. D. 

280. Cor. 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cor. 2. Two right triangles are similar when an acute 
angle of the one is equal to an acute angle of the other. 
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Proposition V. Theorem. 

282. Two triangles are similar when their homologous 
sides a re p roportional. 





In the triangles ABC and A' B' C let 

AB __jAC^ ^ B_G^ 

a7B' " A'C " B' C ' 
We are to prove 
A Ay B, and C equal respectively to A A', B', aiid C. 

Take on A B, A U equal to A' B\ 

and on AC, AH equal to A' C. Draw EH, 

A^B _ AC^ 
A'B' ~ A'C' 



Hyp. 



Substitute in this equality, for A' B' and A' C their equals 
A E and A H. 

Then i^ = A.^ . 

AE AH 

,\ EH is II to BC, § 277 

(if a line divide two sides of a A, proportionally y it is II to the third side). 

Now in the A ABC and A EH 

ZABC = ZAEH, §70 

(being ext. int. angles). 

Z. ACB = AAHE, J 70 

Z. A= Z. A. Iden. 

r.AABC and A E H are similar, § 279 

(two Tnictually equiangular ^ are similar). 

. AB AE 



BG EH' 

Qwmologous sides of similar A are proportional). 



§278 
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But 



AB 


A'B' 


BG 


B'C 


AE 


A'B' 



Hyp. 
Ax. 1 



Cons. 



EH B'G'' 
Since A E = A' B', 

EH^B'C. 

Now in the A ^ J^^ and A' B' C'y 

EH=B'C', AE = A'B', and AH = A'C', 

.-. A A EH =AA'B' C", § 108 

{Jiaving three sides of the one equal respectively to three sides of the other). 

But A A EH is similar to A ABO, 

.-. A A'B' C is similar to A ABC. 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

I. For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the other, 
but in the case of other polygons, it does not follow that if one 
condition exist the other does also. 




Q' 





Thus in the quadrilaterals Q and Q', the homologous sides 
are proportional, but the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals R and R', the homologous angles are 
equal, but the sides are not proportional, and the figures are not 
similar. 
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Proposition VI. Theorem. 

284. Two triangles having an angle of the one equal to 
an angle of the other y and the including sides proportional, 
are similar. 



A 



At 





In the tiiangles ABC and A' B C let 

ZA=ZA', and 4^ = i-^ . 

' A' B' A' C 

We are to prove A. ABC and A' B' C similar. 

Apply the A A' B' C to the A ^ ^ (7 so that Z A' shall 
coincide with Z A, 

Then the point B' will fall somewhere upon il .B, as at E, 

the point C will fall somewhere upon A C, as at ZT, and 
^'C'uponjSr^r. 

AT AB AG ^ 

jNow = Hyp. 

A'B' A'C ^^ 

Substitute for A' B' and A' C their equals A E and A H. 

Then ^ = ^. 

AE AH 

.'.the line EH divides the sides AB and AC propor- 
tionally ; 

.\EHis II to BC, § 277 

(if a line divide tioo sides of a A proportionally, it is W to the third side). 

.'. the A ABC and A EH a.ve mutually equiangular and similar. 

.'.A A'B' C is similar to A ABC, 

Q. E. D. 
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Proposition YIL Theorem. 

285. Two triangles which have their sides respectively 
parallel are similar. 

B 





O A 

In the tzieLngles ABO and A' B' C let AB,ACy and 
B C be parallel respectively to A' B'y A'C^ and 
B'C. 

We are to prove ^ ABO aind A' B' 0' similar. 

The corresponding A are either equal, § 77 

ipwo A whose sides are II, two and two, and lie in the same direction, or 
opposite directions, from their vertices are equal), 

or supplements of each other, § 78 

{if two A have two sides II and lying in the same direction frcrni their vertices, 

while the other two sides are II and lie in opposite directions, the A are 

suppleinents of each other). 

Hence we may make three suppositions : 

1st. ii-f ^' = 2rt. 4 ^+^' = 2rt. 4 C+C^' = 2rt. A 
2d. A--=A', 5 + ^' = 2rt.4 (7+C^' = 2rt. A 

3d. A=A', B = B' .-. 0=0', 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 

.-. the i^fJO A ABO and A' B' 0' are similar, § 279 
{two mutually equiangular A are similar), 

Q. E. D. 
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Proposition VIIL Theorem. 

286. Two triangles which have their sides respectively 
perpendicular to each other are similar. 




In the triangles EFD andBA (7, let EF, FD and ED, 
be pezpendicnlar respectively to AC, BC and AB. 

We are to prove ^ E FD and BAC similar, s 

Place the AEFD so that its vertex E will fall on A B, 
and the side EF, ± to AC, will cut A C a.t F'. 

Draw F' D' II to F D, and prolong it to meet BC 2A, H. 
In the quadrilateral B E lyU, hu E and H are rt. A . 

.'.ZB + ZED H^l rt. ^L. 



But ZED' F' + Z.ED' H=2Tt. A. 

.'.ZED' F'^ZB. 

Now ZC+Z RF'C=rt. Z , 

(ill a rt. A the sum of the two acute A = art. Z) ; 

and ZEF'D'-\-ZIIF'C-=n.Z. 

.\ZEF D' = ZC. 

.'. AEFD and BAG are similar. 

But A EFD is similar to A E F D'. 

.'.AEFD and B A C are similar. 



§158 

§34 

Ax. 3. 

§103 

Ax. 9. 
Ax. 3. 

§280 
§279 

Q. E. D. 



287. Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 
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Pboposition IX. Theorem. 



288. Lines drawn through the vertex of a triangle divide 
projportionally the base and its parallel. 



B 




In the triangle ABC let HL he parallel to AC^ and 
let BS and BT be lines drawn through its ver- 
tex to the base. 

m 

We are to prove 

AS _ ST ^ TO 
HO "" OB RL' 

ABHO 3indBASa,ve similar, § 279 

{tivo A which are muttially equiangular are similar), 

ABOE snidBSTave similar, § 279 

A ^ ^ Z and ^ ^ C^ are similar, § 279 

^' HO \0b) or \Br) RL' ^ 

{homologous sides ofsimUa/r A are prqportiotiat). 

Q. E. D. 



Ex. Show that, if three or more non-parallel straight lines 
divide two parallels proportionally, they pass through a common 
point. 
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Proposition X. Theorem. 

289. If in a right triangle a perpendicular he drawn 
from the vertex of the right angle to the hypotenuse : 

I. It divides the triangle into two right triangles which 
are similar to the whole triangle, and also to each other, 

n. The perpendicular is a mean proportional between 
the segments (f the hypotenuse, 

in. Each side of the right triangle is a mean pro- 
portional between the hypotenuse and its adjacent segment, 

rV. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote- 
nuse, 

V. The square on the hypotenuse has the same ratio to 
the square on either side as the hypotenuse has to the segrrent 
adjacent to that side, 

B 




F 

In the right triangle ABC, let BF be drawn from the 
vertex of the right angle By pezpendicular to the 
hypotenuse A C, 

I. We are to prove 

the^ABF,ABO, and FB C similar, 
JuthQ Ti, A B A F Q.udL B A C, 

the acute ^ Ai& common. 

.*. the A are similar, § 281 

(two rt. A are similar when an aciUe Z. of the one is equal to an aciUe A 

of the other). 

In the rt. k^BC F^zABCA, 

the acute Z C7 is common. 

.'. the A are similar. § 281 

Now as the rt. A ^ ^i^ and BF bxb both similar to 
ABCfhj reason of the equality of their A, 

they are similar to each other. 
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II. We are to prove A F : BF : : BF : FC, 

In the similar A ABF B.n6, C B F, 

A F, the shortest side of the one, 
: B F, the shortest side of the other, 
: : BF, the medium side of the one, 
: FC, the medium side of the other. 

III. We are to prove AC : AB : : AB : AF. 
In the similar A ABC and ABF, 

A C, the longest side of the one, 
: A B, the longest side of the other, 
: : AB, the shortest side of the one, 
: A F, the shortest side of the other. 
Also in the similar A ABC and FB C, 

A C, the longest side of the one, 
: B C, the longest side of the other, 
: : B C, the medium side of the one, 
: F C, the medium side of the other. 

IV. We are to prove :iA = £Z. 

In the proportion A C : AB : : AB : AF, 

£1^ = ACXAF, § 259 

(the product of the extremes is equal to the product of the means), 

and in the proportion AC : BC : : BC : FC, 

BTf=^ACXFC. §259 

Dividing the one by the other, 

IB^ ^ ACXAF 
S-^ ACXFC' 
Cancel the common factor A C, and we have 

ifg _ AF 
BU^ " To' 

V. We are to prove £^ = £^. 

A^ ^F 

£^---ACXAC. 

Tff^ACXAF, (Casein.) 

Divide one equation by the other : 

then :^ =, ACXAC _ AC 

T^ ACXAF AF' Q.E.D. 
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Proposition XL Theorem. 

290. If two chords intersect each other in a circle, their 
segments are reciprocally proportional. 



Let the two chords AB and EF intezsect at the 
point 0, 

We are to prove AG : JS : : OF : OB. 

Btslw A F &nd E B. 

Jnihe A AOF&nd FOB, 

ZF=ZB, §203 

(each being measured by i arc A E). 

AA^AE, § 203 

(eocA being measured by i arc F B). 

.'. the A are similar. § 280 

(two A are similar when two A of the one are equal to two A of the other). 

Whence A 0, the medium side of the one, § 278 

E 0, the medium side of the other, 
F, the shortest side of the one, 
OB, the shortest side of the other. 

Q. E. D. 
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Proposition XII. Theorem. 

291. If from a point without a circle two secants be 
drawny the whole secants and the parts without the circle 
are reciprocally proportional. 




Let OB and OC be two secants drawn from point 0, 
We are to prove OB : C : : M : H. 

Bmw HCsind MB. 

In the A OHC and 0MB 

Z is common, 
Z B = ZC, § 203 

{each being mea^surcd by \ arc H M). 

.*. the two A are similar, § 280 

{two A are similar when two A of the one are equal to two A of the other). 

"Whence OB, the longest side of the one, § 278 

: C, the longest side of the other, 

: : M, the shortest side of the one, 

: H, the shortest side of the other. 

Q. E. D, 
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Proposition XIII. Theorem. 

292. If from a point without a circle a secant and a 
tangent he drawn, the tangent is a mean proportional between 
the whole secant and the part without the circle. 

O 




Let OB he a tangent and 00 a secant drawn from 
the point to the circle MB C. 

We are to prove 00 : OB :: OB : M. 

Draw ^ if and ^ C. 

In the A J? if and OBC 

Z. 13 common. 

/. OBMis measured by J arc MB, § 209 

{being an Z formed by a tangeiU and a chord). 

/. ia measured by J arc 5 if, § 203 

{being an inscribed Z ). 

.-.Z OBM=Z C, 

.'.AOBO andiOBM are similar, § 280 

(having two A of the one eqiutl to two A of the other). 

Whence 0, the longest side of the one, § 278 

B, the longest side of the other, 

B, the shortest side of the one, 

M, the shortest side of the other. 

Q. E. D. 
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Proposition XIV. Theorem. 

293. If two polygons he composed of the same number 
of triangles which are similar y each to each, and similarly 
placed, then the polygons are similar. 

E 





C B O 

In the two polygons ABODE and A'B'G'B'E', let 
the triangles BAE, BEG, and CED he siznilar 
respectively to the triangles B' A' E\ B' E'C, and 

C'E'iy. 

We ar€ to prove t^ 

the polygon ABODE similar to the polygon A' B' 0' D' E'. 

ZA=ZA\ § 278 

(being Twmologous A of similar k^ ). 

/. ABE^Z A'B'E', §278 

Z EBO^Z E'B'O', §278 

Add the last two equalities. 

ThQuZABE^-Z EBO^ZA'B'E' + Z E B' 0' ; 
or, Z ABO^ZA'B'C. 

In like manner we may prove Z BO'D == Z B' O' D', etc. 
.'. the two polygons are mutually equiangular. 

^^A'E''~A'B''~'\EB')'~B'0' \E' c) 0' D' ED'' 

(the homologovs sides of similar A are proportional). 

.*. the homologous sides of the two polygons are proportional. 

.*. the two polygons are similar, § 278 

(having their hom>ologoiirS A eqiuzl, and their homologous sides proportional). 
1 Q. E. D. 
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Proposition XV. Theorem. 

294. If two polygons he similar, they are composed of 
the sam>e number of triangles, which are similar and similarly 
placed. 





Let the polygons ABODE and A'B'C'iyE' be similar. 

From two homologous vertices, as E and E'^ 

draw diagonals EB, EG, and E' B'y E' O. 

Wearetoprove AAEB, EBC,ECD 

similar respectively to A A' E' B', E' B' C\ E O ly. 

In the A A EB and A'E'B', 

/LA-=AA', § 278 

Q)ei'ng komologous A of simUar polygons), 

AE^ = jL?., §278 

A'E' A'B'' 
{being homologous sides of similar polygons), 

.'. A^jS^^andil'^'jS'aresimilar, §284 

(having an Z, of the one eqxMil to an Z of the other, and th^ including 

sides proportional). 

Also, ZABC=ZA'B'0, 

{being homologous A of similar polygons). 

ZABE = ZA'B'E, 

(being homologoics A of similar A ). 

.'. Z A B O - Z A B E =- Z A' B' C - Z A' B' E. 
That is Z EBG-=ZEB'C'. 
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Now 



also 



EB ^ AB^ 
E'B A'B'' 

{being homologous sides of similar iL); 

BC ^ A^ 

B' C A' B' ' 
(beiTig homologoiLs sides of similar polygons), 

. EB^ ^ BC^ 
E'B' B'C' 



Ax. 1 



.-. AEBC and E'B' O are similar, § 284 

{having an Z of the one equal to an Z. of the other, and the including sides 

proportional). 

In like manner we may prove AECD similar to A EC'iy. 

Q. E. o. 

Proposition XVI. Theorem. 

295. The perimeters of two similar polygons have the 
same ratio as any two homologous sides, 

E 





B C 

Let the two similar polygons be ABODE and A'B'C'D'E, 
and let F and F^ represent their perimeters. 

We are to prove F \ F' \ \ AB : A' B', 

AB : A'B' :: BC : B' C m CD : CD' etc. § 278 
{flit Tiomologous sides of similar polygons are proportioned). 

.-. AB + BC, etc. : A'B' + B'C, etc. :: AB : A'B', § 266 

(in a series of equal ratios the sum of the antecedents is to the sum of the 
consequents as any antecedent is to its consequent). 

That is F : P' :: AB : A'B'. 

Q. E. D. 
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Proposition XVIL Theorem. 

296. The homologous altitudes of two similar triangles 
have the same ratio as any two homologous sides. 




B 




In the two similar triangles ABC and A'B'C, let 
the altitudes be BO and B'O', 



We are to prove 



BO 
B'O' 



AB 
A'B' 



In the rt. A J5 ^ and B' 0' A\ 

/.A-=Z A' § 278 

{being homologoiLS A of the similar ^ AB C and A^ B' C^). 

.'.A BOA and A B'O' A' are similar, § 281 

{two rt. ^ having an acute Z. of the one equal to an acute Z. of the oither are 

similar). 

.*. their homologous sides give the proportion 



BO 



B'O' 



AB 

A'B' 



Q. E. D 



297. Cor. 1. The homologous altitudes of similar triangles 



have the same ratio as their homologous bases. 
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In the similar J^ A B G on^ A' B' C", 

AC ^ A^ 

A' C A' B' ' 

ifhe homologous sides of similar ^ are proportional). 

And in the similar A BOA and B' 0^ A\ 

BO AB 
BfO'^ A'B'' 

. BO AC 



§278 



• • 



B'O" A'C' 



§296 



Ax. 1 



298. Cor. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that* of the 
second by F', 

Then — = AJ^ , § 295 

(the perimeters of two similar polygons have the same ratio as any two 

homx)logous sides). 

But A^ = AA ' § 296 



Ax. 1 



BO 


AB 

• 


B'O' 


A'B'' 


BO 
BfO' 


P 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional. 

2. If the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in H, K. On A B is described an 
equilateral triangle ABC, whose sides BC, AC, intersect the 
circles in F, E. F E produced meets BA produced in F, Show 
that as FA isto FK so iaCF to CE, and so also is Fff to FB. 
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Proposition XVIII. Theorem. 

299. In any triangle the product of two sides is equal 
to the product of the segments of the third side formed by the 
bisector of the opposite angle together with the square of the 
bisector. 




V 

Let ABAC of the AABC be bisected by the straight 
line A 1). 

Wfi are to prove B A X AC = B D X DC ^ A D^, 

Describe the Q ABC about ih^AABC; 

produce ^ Z^ to meet the circumference in E, and draw E C. 

Then in the A ^ ^i) and A EC, 

Z.BAD^/.CAEy Hyp. 

Z.B = Z. E, § 203 

(each being measured by J the arc AC). 

.', A ABD ^xi^ AEC Q.TQ similar, § 280 

(^wo ^ are similar ivhen tioo A of the one are eqtuil respectively to two A 

of tJie other). 

Whence BA, the longest side of the one, 
: E A, the longest side of the other, 
: : A Dj the sliortest side of the one, 
: A C, the shortest side of the other ; 

or, ^^ = ^, §278 

EA AC ^ 

(Jwmologous sides of similar A are proportional), 

.\BAXAC = EAX AD. 
But EAX AD== {ED + A D) A D^ 

.'.BAXAC = BDXAD-\- A'd\ 

But EDXAD = BDXDC, §290 

{the segments of two chords in a O v'hich inter sed, each other are 

reciprocally proportional). 

Substitute in the above equality B D X D C for E D X A D, 
then BAX AC = BDX DC + a1)\ 

Q. E. D. 
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Proposition XIX. Theorem. 

800. In any triangle the product of two sides is equal to 
the product of the diameter of the circumscribed circle by the 
perpendicular let fall upon the third side from tlt^ vertex of 
the opposite angle. 




E^^^,.^ 



Let ABC be a triangle, and AD the perpendictdaT 
from A to BC. 

Describe the circumference ABC about the A ABC. 

Draw the diameter A E, and draw E C. 

We are to prove BAXAC = EAXAJ). 

In the A A BL and AEC 

Z BB A isBiTt. Z, Cons. 

ZECA\sB,vt.Z, §204 

(being inscribed in a semicircle). 

.\ZBDA=ZECA. 

Z B = Z E, § 203 

(each being measured by \ the arc A C). 
.'.AABDe^ndAECaTG similar, § 281 

(ftoo rt. A having an acute /.of the one eqical to an acute Z. of the other are 

similar). 

Whence BA^ the longest side of the one, 
E A^ the longest side of the .other, 
AD, the shortest side of the one, 
A C, the shortest side of the other ; 

BA AD 



or. 



EA AC 
\BAX AC = EAX AD. 



§278 



Q. E. D, 
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Proposition XX. Theorem. 

301. The product of the two diagonals of a quadrilateral 

inscribed in a circle is equal to the sum of the products of its 

opposite sides. 

C 




Let ABC D be any quadiilatersLl inscribed in a circle, 
AC and BD its diagonals » 

We are to prove BDXAC = ABXCD + ADXBC. 

Oonstruct ZABE^ZDBC, 

and add to each Z EBB, ^^ 

Then inihe A ABD ^nd BCB, 

ZABD^ZCBE, Ax. 2 

and ZBDA=ZBCE, §203 

{each being measured by i the arc A B). 

.\AABI)a.ndBCE,Q.Te similar, § 280 

(two A are similar when two A of the one are equal respectively to two A 

of the other). 

Whence A D, the medium side of the one, 
C E, the medium side of the other, 
B B, the longest side of the one, 
B C, the longest side of the other, 
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or. 



AD BD 



CE BG 

{the homologous sides of similar ^ are proportional), 

.\BDX GE = ADXBC. 
Again, in the A -4 jB ^ and J? (7 A 

ZABE-=/.DBCy 

and Z.BAE = Z.BDC, 

{each being measured by i of the are BC). 



§278 



Cons. 
§203 



.'.AABEdXi^BGD^TQ similar, § 280 

(fwo A are similar when two A of the one are eqttal respectively to two A 

of the other). 

Whence A B, the longest side of the one, 
B By the longest side of the other, 
A E, the shortest side of the one, 
GD, the shortest side of the other. 

AB ^ AE 
BD CD' 

{pie homologous sides of similar ^ are proportional). 

.\BDXAE = ABX G D. 
But BDXGE^ADXBG. 

Adding these two equalities, 

BD{AE+ GE) = ABX GD + ADX BG, 
or BDXAG = ABXGD + ADXBG. 



or. 



§ 278 



Q. E. D. 



Ex. If two circles are tangent internally, show that chords 
of the greater, drawn from the point of tangency, are divided 
proportionally by the circumference of the less. 
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On Constructionb. 
Proposition XXI. Problem. 
802. To divide a given straight line into equal parU. 



^-t:r 7 7 iB 



/ ■ / 



/ 



^0 



Let AB be the given straight line. 

It is required to divide A B into equal parts. 

From A draw the indefinite line A 0. 

Take any convenient length, and apply it to -4 as many 
times as the line -4 ^ is to be divided into parts. 

From the last point thus found on A 0, as C, draw B. 

Through the several points of division on A draw lines. 
II to CB, 

These lines divide A B into equal parts, § 274 

(if a series of Ws intersecting any two straight lines, intercept equal parts 
on one of these lines, they intercept equal parts on the other also). 

Q. E. F. 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is eocteHm\ 

II. When the common tangent is interior. 
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Proposition XXII. Problem. 

303. To divide a given straight line into parts prO' 
portional to any number of given lines. 

A^—^ jr B 



V • i k 

c ^-^ \ \ 

« 



4 



1 






^'*"--, 



--s: 



Let A B, m, n, and o be given straight lines. 

It w required to divide A B into parts proportional to the 
given lines m, n, and o. 

praw the indefinite line A X, 

QtxAX take AC = my 

CE-=n, 
and EF==o, 

Draw FB. From E and C draw EK and CJ? II to F B, 
K and H are the division points required. 

For (iA) = ^=^=^, §275 

\AE) AG CE EF ^ 

{a line drawn through two sides of a £^ W to the third side divides those 

sides proportionally), 

.\AH : HK : KB '.: AC I CE : EF, 

Substitute m, n, and o for their equals AC, C E, and E F, 
Then A H : H K : KB : : m : n : o. 

Q. E. F. 
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Proposition XXIII. Problem. 

304. To find a fourth proportional to three given 
straight linen* 

B F m 



"-/C / 


n 


-\/ - 





«^-« 





Let the tliree given lines be m, n, and o. 

It w required to find a fourth proportional to m, n, and o. 

Take A B equal to n. 

Draw the indefinite line A E, making any convenient Z 
with AB, 

OjiABtakeAC=m, and C S = o. 
Draw CB. 
From S draw SF W to CB, to meet A B produced at F. 

BFia the fourth proportional required. 

For, AC : AB :: OS : BF, § 275 

(a line drawn through two sides of a AW to t?ie third side divides those sides 

proportionally). 

Substitute m, n, and o for their equals AC, AB, and CS. ' 

Then m : n : : o : BF. 

Q. E. F. 
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Proposition XXIV. Problem. 

305. To find a third proportional to two given straight 

lines, 

A 



A B 

A C 




Let A B and AC be the two given straight lines. 
It is required to find a third proportional to AB and A C. 
Place A B and -4 C so as to contain any convenient Z. 
Produce AB to J), making BJD = AG, 

Join B 0, 
Througli I) draw D B W to B to meet A C produced at E, 

G E iadk third proportional to ^ -5 and AG, § 251 

{a line dravm through two sides of a AW to the third side divides those sides 

proportionally). 

Substitute, in the above equality, A G for its equal B D ; 

Then ^ = i^, 

AG GE' 

• 

or, AB : AG :: AG I CE. 

Q. E. F. 
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lines. 



Pboposition XXV. Problem. 
306. To find a mean proportional between two given 

H 




m 



n 



Let the two given lines be m and n. 
It is required to find a mean proportional between m and n. 
On the straight line A E 

take AC = my and C B^=^ n. 
On A B 2i& Q, diameter describe a semi-circumference. 

At C erect the ± C JET. 
Cilia a. mean proportional between m and n. 
Draw II B and HA. 
T:heZAHBis8iTt.Z, § 204 

(beiTig inscribed in a semicircle), 

and HC \& a ± let fall from the vertex of a rt. Z to the 

hypotenuse. 

.'.AC \ CH :\ CH '. C B, §289 

{^he ± let fall from the vertex ofihert. Z. to the hypotenuse is a mean pro- 
portional between the segments of the hypotenuse). 

Substitute for A C and C B their equals m and n. 



Then 



m \ C H : \ C H : n. 



Ql. e. f. 



307. Corollary. If from a 'point in the circumference a 
perpendicular he drawn to the diameter, and chords from the point 
to the extremities of the diameter, the perpendicular is a mean pro- 
portional between the segments of the diameter, and each chord is a 
mean proportional between its adjacent segment and the diameter. 
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Proposition XXVI. Problem. 

308. To divide one side of a triangle into two part9 
proportional to the other two sides. 




B E 

Let ABC be the tiiangle. 

It is required to divide the side B C mto two such parts that 
the ratio of these two parts shall equal the ratio of the other two 
sides, A and A B. 

Produce G A to F, making AF = AB. 

Draw FB, 
Prom A draw ^ ^ II to FB. 

E is the division point required. 

For £i = ^. §275 

AF EB ^ 

(a line draum through two sides of a L.\\ to th& third side divides (hose sides 

proportionally). 

Substitute for A F its equal A B. 

Then ^ = S^. 

AB EB 

Q. E. F. 

309. Corollary. The line A E bisects the angle CAB. 
For ZF=ZABF, §112 

(being opposite eqtuil sides), 

ZF=ZOAE, §70 

{being ext,-int. A ). 

ZABF=ZBAE, §68 

{being alt. -int. A). 

.\ZCAE = ZBAE. Ax. 1 

310. Def. a straight line is said to be divided in extreme 
and mean ratio, when the whole line is to the greater segment 
as the greater segment is to the less. 
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Proposition XXVII. Problem. 
311. To divide a given line in extreme and mean ratio. 



/ 



/ 



/ 

I 






A 



H 



> 



C. 

* 

.,'1 



I 



Let AB be the given line. 

It is required to divide A B in extreme and mean ratio. 

At B erect SiJ-BGf equal to one-half of A B, 

From (7 as a centre, with a radius equal to C B, describe a O. 

Since ^^ is JL to the radius CB si its extremity, it is 
tangent to the circle. 

Through C draw A D, meeting the circumference in E and Z>. 



OnAB take AH = AE, 
U is the division point oi AB required. 

For AD : AB '.: AB : AE, § 292 

{if from a point vrUhout the circumference a secant and a tangent he draum, 
tJie tangent is a mean proportional between the w?iole secant and the part 
vrithout the circumference). 

Then A D — A B : A B : , A B — A E -. A E, § 265 
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Since AB = 2GB, Cons. 

and ED = 2GB, 

(the diameter ofaO being tvnce the radiiui), 

AB = ED, Ax. 1 

.\AD-AB = AD-ED = AE. 
But AE==AH, Cons. 

.\AD — AB = AH. Ax. 1 

Also AB-AE-^AB-AH^HB, 
Substitute these equivalents in the last proportion. 
Then AH \ AB \\ HB : A H, 

Whence, by inversion, AB \ AH \\ AH : HB. § 263 
.'. ^ -5 is divided at -fl" in extreme and mean ratio. 

Q. E. F. 

Eemabe. ii ^ is said to be divided at ZT, intemaUyy in 
extreme and mean ratio. If BA be produced to H, making 
A H' equal to A D, AB is said to be divided at ZP, externally, 
in extreme and mean ratio. 

Prove AB : AH w AH : H B. 

When a line is divided internally and externally in tha 
same ratio, it is said to be divided harmonically. 

Thus JB ± f f ? is divided harmoni- 
cally at (7 and Z>, if (7 ^ '.CBi'.DA'.DB', that is, if the ratio 
of the distances of C from A and B is equal to the ratio of the 
distances of D from A and B. 

This proportion taken by alternation gives : 

AC :AD : :BC :B D ; that is, C D is divided harmoni- 
cally at the points B and A. The four points A, B, C, D, are 
called harmonic points ; and the two pairs A, B, and C, D, are 
called conjugate points. 



Ex. 1 . To divide a given line harmonically in a given ratio. 
2. To find the locus of all the points whose distances from 
two given points are in a given ratio. 
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Proposition XXVIIL Problem. 

312. Upon a given line homologous to a given side of a 

given polygon, to construct a polygon similar ' to the given 

polygon, 

E 





Let A' E' be the given line, homologous to A E of the 
given polygon ABODE, • 

It is required to construct on A' Ei a polygon similar to the 
given polygon. 

From E draw the diagonals EB and EC, 

From E' draw E' B', making Z. A' E' B' = A AEB, 

Also from A' draw A' B', making Z. B' A' E' = /. B AE, 

and meeting E' B' at B', 

The two A ^ ^ JS' and A' B' E' are similar, § 280 

{^wo ^ are similar if they have two A of the one equal respectively to two A 

of the other). 

Also from E' draw E' C, making /. B' E' C == Z B E C, 

From B' draw B' G\ making Z E' B' C == Z E BC, 

and meeting E' C at C, 

Then the two A ^^ C and E' B' C are similar, § 280 

(pwo ^ are similur if they have two A of the oTie eqvM respectively to two A 

of the other). 

In like manner construct A E' CD' similar \,o JS.ECD, 

Then the two polygons are similar, § 293 

{pwo polygons composed of the same number of A similar to each other and 

similarly placed, are similar). 

/. A' B' C D' E' is the required polygon. 

Q. E. F. 
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Exercises. 

1. ABC is SL triangle inscribed in a circle, and BD is drawn 
to meet the tangent to the circle at A in £>, at an angle A B D 
equal to the angle ABC; show that A C is a, fourth propor- 
tional to the lines B D, A D, A B, 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut off by a straight 
line drawn from the vertex at right angles to the equal side. 

3. A B ia the diameter of a circle, D any point in the circum- 
ference, and G the middle point of the arc AD. If AC, A D, 
BC he joined and A B cut B C in B, show that the circle cir- 
cumscribed about the triangle ABB will touch A C and its 
diameter will be a third proportional to B C and A B. 

4. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the base produced which the per- 
pendicular has to the base itself. 

6. A line touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles. 

7. Eequired the locus of the middle points of all the chords 
of a circle which pass through a fixed point. 

8. is a fixed point from which any straight line is drawn 
meeting a fixed straight line at P ; in P a point Q is taken 
such that ^ is to P in a fixed ratio. Determine the locus 
of Q. 

9. is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P a point 
Q is taken such that Q is to OF in a fixed ratio. Determine 
the locus of Q. 
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COMPARISON AND MEASUREMENT OP THE SURr- 

PACES OP POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles having equal altitudes are to each 
other as their bases, 

D 



! 












































Let the two rectangles be AG and A F, having the 
the same altitude A D, 

•tjT ^ xect. AC A B 

We are to prove — -- = --r=^ . 

^ rect. AF AE 

Case I. — W}ufl^ A B and A E are commensurable. 

Find a common divisor of the bases A B and A F, as A 0, 

Suppose ii to be contained in ^ i? seven times and in 
A E four times. 

Then 



AB 
AE 



7 
4 



At the several points of division on A B and A E erect J£ . 

The rect. A C will be divided into seven rectangles, 

and rect. A F will be divided into four rectangles. 

These rectangles are all equal, for they may be applied to 
each other and will coincide throughout. 

. rect A C _ 7 

rect A F ~" 4' 

AB _1 

AE ~" 4' 

. rect ^C __ AB 

rectX^ ~ TE' 



But 



COMPARISON AXD MEASUREMENT OF POLYGONS. 



175 



D 



Case II. — When A B and A E are iiicominensurabh. 

7 D 











// 


1 




J 
j 

1 

! 


1 

1 

j 

• 


I 
! 

r 



E 



Divide A B into any number of equal parts, and apply one 
of these parts to J. ^ as often as it will be contained in A E. 

Since A B and ^ ^ are incommensurable, a certain number 
of these parts will extend from ^ to a point K, leaving a re- 
mainder K E less than one of these parts. 

Draw ^^11 to^i^. 

Since A B and ^4 jff' are commensurable, 

^^^^' ^ ^ = ^, Case 1 

rect. AG AB 

Suppose the number of parts into which ^ ^ is divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to E. 

The limit oi AK will be A Ey and the limit of rect. A H 
will be rect. A F, 

.*. the limit of will be , 

AB AB' 

J i.u T -4. c rect. A H .„ , rect. A F 
and the limit of — rr will be 



rect. A C 



rect. A G 



XT XI, . 1 1 ^ iT , rect. AH , , 

^ow the vanables —^r and — ^ are always equal 



AB rect. A G 

however near they approach their limits ; 



.*. their limits are equal, namely, 



rect. AF AE 



§199 



rect. AG AB 

Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A D, the altitudes will be ^ ^ and 
A E. But we have just shown that these two rectangles are to 
each other as A B is to A E. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Another Demonstration. 

Let A C and A' C he two rectangles of equal altitudes. 
PC a Pt 




A' D' Ef F' G' 



We are to prove 



rect. A C 



AD 



rect. A' C A' D' 



Let h and If, S and S^ stand for the bases and areas of these 
rectangles respectively. 



Prolong A D and A* U, 



Take AD, D E, E F , . . . wi in number and all equal, 
and A'D\ D' E', E' F, F G' . . . . nm number and all equal 
Complete the rectangles as in the figure. 



Then 


base AF — w 6, 


and 


base^'6^'~w6'; 




rect. AF = mS, 


and 


r%ci.A'F—nS'. 



Now we can prove by superposition, that if ^ -F be > ^' G', 
rect. A P will be > rect. A' F ; and if equal, equal ; and if less, 
less. 

That is, ii mh be > 7^6^, mS \b > nS' , and if equal, 
equal ; and if less, less. 



Heace, 



h ihf :: S X S', Euclid's Bef., § 272 



a E. D. 
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Proposition II. Theorem. 

315. Two rectangles are to each other as the products of 
their bases by their altitudes. 






§314 



§313 



b bf h 

Let R and R' be two rectangles, having for their bases 
b and Vy and tor their altitudes a and a', 

ur 4 R ^ aXb 

We are to prove -— = — r — ;- . 
^ R' a' X b' 

Construct the rectangle aS', with its base the same as that 
of R and its altitude the same as that of R\ 

Then f=^, 

o a' 

{rectangles having the same base are to each other as their altitudes) ; 

A S b 

^"^ ^ = 6'' 

(rectangles Jiaving the same altitude are to each other as their bases). 

By multiplying these two equalities together 

R _ aX b 
R' " a' Xb'' 

Q. E. D. 

316. Def. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Def. The Unit of measure (except the acre) is a square 
a side of which is some linear unit ; as a square inch, etc. 

318. Def. Equivalent figures are figures which have equal 
areas. 

Rem. In comparing the areas of equivalent figures the 
symbol ( = ) is to be read " equal in area." 
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Proposition III. Theorem. 

319. The area of a rectangle is equal to the product 
of its base and altitude. 





h 1 

Let R be the rectangle, h the base, and a the alti- 
tude; and let U be a square whose side is the 
linear unit. 

We are to prove the area of B = a X b, 

R ^aXh 

u ■" 



§315 



■ 1 X 1' 
(tcoo rectangles are to each other as the product of their hoses and altitudes). 



But 



— is the area of R, 
.'. the area of i? = a X 6. 



§316 



Q. E. D. 



320. Scholium. When the base and altitude are exactly 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figure into squares, each equal to the unit of 




measure. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the unit of measure; and the area of 
the figure equals 7X4. 
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Proposition IV. Theorem. 

321. The area of a ^parallelogram is equal to the product 
of its base and altitude. 

BE C F B C E F 






A D 

Let A E FD be a parallelogrstm, A D its base, and CD 
its altitude. 

We are to prove the area of the OA EFD = ADXCD, 

From A draw AB Wio DO io meet FE produced. 

Then the figure A BC D will be a rectangle, with the same 
base and altitude as the CJ AE F D. 

Inthert. A^^^and €1 D F, 

AB==GD, §126 

(being opposite sides of a rectangle), 

and AE==DF, §134 

(being opposite sides of a CJ) \ 

.\AABE = ACDF, §109 

{tvjo rt. A are equals when, the hypotenuse and a side of the one are equal 
respectively to the hypotenuse and a side of the other). 

Take away the A C D F and we have left the rect. A BCD. 

Take away the A ^ ^ ^ and we have left the O AEFD. 

.-. rect. ABCJ) = nJA EFD. Ax. 3 

But the area of the rect. ABCD = ADXC D, §319 
{the area of a rectangle equals the product of its base and altitude). 

.-. the area of the O A EFD = A D X O D. Ax. 1 

Q. E. D. ' 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes ; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 
altitudes. 
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Proposition V. Theorem. 



324. The area of a triangle is equal to one-half of the 
product of its base by iU altitude. 



Let ABC be a triangle, AB its base, and CD its 
altitude. 

We are to prove the area oftheAABC = \ABX CD, 
From G draw CHWioAB. 
From A draw AHWioBC. 

The figure ABC His a parallelogram, § 136 

(having its opposite sides parallel), 

and A C isita diagonal. 

.\AABC = AAHC, §133 

{t?ie diagonal of a CD divides it into two equal ^ ). 

The area of the EJ ABC H is equal to the product of its 
base by its altitude. § 321 

.*. the area of one-half the O, or the A ABC, 18 equal to 
one-half the product of its base by its altitude, 

or, ^ABXCD. 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes; triangles having equal altitudes are to each 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 
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Proposition VI. Theorem. 

327. TAe area of a trapezoid is equal to one-half the 
sum of the parallel sides multiplied hy the altitude, 

EEC 




A F B 

Let ABC H be a trapezoid, and EF the altitude. 

We are to prove area of ABCn=\ (HC + A B) E F, 

Draw the diagonal A C. 

Then the area of the A ^ ^(7 = J HO X E F, § 324 
{the area of a l^ is eqiud to one-half of the product of Us base by its altitude), 

and the 3,Tea, o^the A ABC = ^ A B X EF, § 324 
.\AAffC+AABC, 
or, &TeaofABCH=i{HC+AB)EF, 

Q. E. D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied by the altitude ; for the line F, joining the 
middle points of the non-parallel sides, is equal to \ {HC 
+ ^j5). §142 

.'.by substituting P ior ^{HC + A B), we have, 

the area of ABCH=OPXEF. 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the areas of each of these 
figures may be readily found. 
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Proposition VIL Theorem. 

330. The area of a circumscribed polygon is equal io one- 

half the product of the perimeter hy the radius of the in,- 

scribed circle, 

B 




Let ABSQ, etc., be a circumsciihed polygon, and C 
the centre of the inscribed circle. 

Denote the perimeter of the polygon by P, and the radius 
of the inscribed circle by E, 

We are to prove 

ihe area of the circumscribed polygon = J P X i?. 

Draw CA, C B, C S, etc.; 

also draw CO, CD, etc., 1. to A B, BS, etc. 

The area oi the A C A B = ^ AB X C 0, § 324 

{tJie area of a A is eqiud to one-half the product of its base and altitude). 

TheareaoftheA (7^*8^=^-5 /S'X CD, § 324 

.'. the area of the sum of all the A C A B, CBS, etc., 
= ^(AB + BS,etG.)CO, § 187 

(for CO, CDf etc., are equal, being radii of the same O). 

Substitute forAB + BS+SQ, etc., P, and for C 0, R ; 

then the area of the circumscribed polygon "^ ^ P X R. 

Q. E. D. 
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Proposition VIII. Theorem, 

331. The sum of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hypotenuse, ^ 




Let ABC he a, right triangle with its right angle at G, 

We are to prove J. (7 H~ GV = A B^ 
Draw CO JLioAB. 

Then Alf=^AOXAB, §289 

{the square on a side of art, A is equal to the product of the hypotenuse by 
the adjacent segment made by the _L let fall from the vertex of the rt, Z ) y 



and Fa^ = BOXAB, 

By adding, AC^ + Blf=- (AO + BO)AB, 

= ABX AB, 
= A^. 

332. Corollary. The side and diagonal 
of a square are incommensurable. 

Let ABCD be a square, and AC the 
diagonal. 

Then 



§ 289 



Q. E. D. 



or. 



Ajf + BC^ =AC^. 
2 AB" = AC\ 




Divide both sides of the equation by A B^, 

Extract the square root of both sides the equation, 

AC ,_ 
J5 = V^2. 



then 



Since the square root of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two incomi^ensurable line§. 
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Another Demonstration. 

833. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. 




H 






Let ABC be a right A, having the light angle BAC. 

We are to prove Slf = Bit + iT^ 

OnBC,CA,AB construct the squares BE, CH,AF. 
Through A draw ALWioOE, 
Draw ili> and i^C. 
Z^^C^isart. Z, 
and Z -5 ^ 6^^ is a rt. Z, 

.*. C AG \^ Q, straight line. 
Also Z C All is B. rt. Z, 

,'. B A His a. straight line. 



Hyp. 

Cons. 

Cons. 



Kow 



Z DBC = Z FBA, 

{each being a rt. Z), 



Cons. 
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§ 106 



Add to each the /.ABC', 

then ZABD = Z.FBC, 

.'.AABI) = AFBC. 

Now O BLia double AABD, 

{being on the same base BD, and between the same Ws, AL and BD\ 

and square A F ia double A FBC, 
(being on the sajne base FB, and between the same \\Sy FB and O C) ; 

.*. EJ BL = square A F. 
In like manner, by joining A E and BK, it may be proved 



that 



O C'Z = square C H. 

Now the square on BC = O B L '\- O C L, 

= square A F + square G ff, 

.-. Blf = BA"^ + Alf. 



Q. E. D. 



On Projection. 

334. Dep. The Projection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point C 
upon the line AB \a the point P. 





Fig. 1. Pig. 2. 

The Pi'ojection of a Finite Straight Line, os C D (Fig. 1), 
upon a straight line of indefinite length, as A B, is the part of 
the line A B intercepted between the perpendiculars P and 
B Ef let fall from the extremities of the line G D, 

Thus the projection of the line G D upon the line A B \a 
the line P E. 

If one extremity of the line G D (Fig. 2) be in the line 
A B, the projection of the line G D upon the line AB\& the 
part of the line A B between the point B and the foot of the 
perpendicular G P \ that is, D P. 
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Proposition IX. Theorem. 

335. In any triangle, the square on the side opposite an 
acute angle is equivalent to t/ie sum of the squares of the other 
two sides diminished by twice the product of one of those 
sides and the projection of the other upon that side. 





/>'— 



Fig. 2. 



Let C be an acute angle of the triangle ABC, and 
D G the projection of AC upon B C. 

We are to prove I^ = Blf + I^ — 2 ^C X 2> C. 

If D fall upon the base (Fig. 1), 

BB-=-BC-DC\ 

If D fall upon the base produced (Fig. 2), 

BB-^DC-BG. 

In either case /TB' = Flf + Ulf -2BGXDG. 

Add AD to both sides of the equality j 

then, nf + IT^ = lElf -*- IT? + UTf ''2BGX DC. 



But 



n)' + lT^^AB\ 



§331 



{t?ie mm of the squares on two sides of a rt. A is equivalent to the square 

on the hypotenuse) ; 

and ID^ + ITlf = Ilf, § 331 

Substitute iO and AG for their equivalents in the above 
equality ; 

then, A^ = W& + r& — ^BGX DG, 

Q. E. D. 
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Proposition X. Theorem. 

336. In any obtuse triangle, the square on the side 
opposite the obtuse angle is equivalent to the sum of the 
squares of the other two sides increased by twice the product 
of one of those sides and the projection of the other on that 
side. "■ 




Let G be the obtuse angle of the tiiangle ABC, and 
C D be the projection of AC upon BC produced. 

We are to prove A^ = B^ + £lf + 2BCX DC. 

DB = BC + DC. 

Squaring, JTb" = BC" + IJlf + 2BCX DC 

Add A D io both sides of the equality ; 

ihQii.n? + ITb" = BC" + Alf + DG^ -\'2BCXDC, 



But AD +DB =AB\ §331 

{the sum of the sqiiares on two sides of art.Ais equivalent to the square 



and 



oil the hypotenuse) ; 

rD^ + DG^ = AG". 

^3 , 7-rF^2 



§331 



Substitute JTB and A C for their equivalents in the 
above equality; 

then, JTB^ = Eg" + JTc" + 2BCX DC 



Q. E. D. 



337. Definition. A Medial line of a triangle is a straight 
line drawn from any vertex of the triangle to the middle point 
of the opposite side. 
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Proposition XI. Theorem. 

338. In any trinngle, if a medial line be drawn from 
the vertex to the base : 

I. The sum of the squares on the two sides is equivalent 
to twice the square on lialf the base, increased by twice the 
square on the medial line j 

II. The difference of the squares on the two sides is 
equivalent to twice the product ^ the base by the projection 
(f the medial line upon the base. 




In the triangle ABC let AM be the medial line and 
M D the projection of A M upon the base B G. 
Also let AB be greater than A (7. 

We are to prove 

I. jr^ + n? = 2 EH^ + 2 AH^, 

II. ATB^ — AG^=2BCX MD, 

Since AB> AC, the /. A MB will be obtuse and the 
A A MC will be acute. 

Then £^ = Eld^ + AM'^ +2BMX M D, § 336 

(m any obtuse A tJie square on the side opposite the obtuse /. is equivalent to 
the Slim of the squares on the other two sides increased by tvnce the 
product of one of those sides and the projection of the other mi thai side) ; 

and U? = Wif' + Jut - 2 MC X M D, § 335 

(m any A the square on the side opposite an acute Z. is equivalent to the suin 
of tJie squares on the oth^.r two sides, diminished by twice the product 
of one of those sides and the projection of the other upon that side). 

Add these two equalities, and observe that B M ^= MC, 

Then ATl^ + AG^ = 2 BM'^ + 2 AM^, 
Subtract the second equality from the first. 
Then AT^ — AG^ ==2BCX MB, 

Q. E. D. 
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Proposition XII. Theorem. 
339. The sum of the squares on the four sides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times the square of the line 
joining the middle points of the diagonals, 

^ B 




In the qusLdiUateral A BCD, let the diagonals be AC 
and B Z>, and F E the line Joining the middle 
points of the diagonals. 

We are to prove 

Aff + Bl? + CI? + D^ = AC^ + BT? + 4 El^' 
Draw B E and D E. 

Now £^ + Elf = 2 (— )' + 2 S^, § 338 

(pke sum of the squares on the two sides of a l^ is equivalent to tunce the sqiuire 
on half the ba>se increa>sed by tioice the square on the medial line to the ha>se), 

and CT)^ + I)T = 2 (— )"* + 2nE^, § 338 

Adding these two equalities, 

But BE^ + UE^ = 2 ^^y + 2 EF\ § 338 

(tJie siivi of the squares on the two sides of a A is equivalent to tioice the square 
on half the ba>se iticreased by twice the square on the medial line to the base). 

Substitute in the above equality for {BE + HE'^) its 
equivalent ; 

thenJ]? + :ea' + ?7Z5^ + K4' = 4(^' + 4(^y+4jy' 

= A(f + BD^ + 4 Ey^ 

Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a parallelogram is equivalent to the sum of the squares on the 
diagonals. 
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Proposition XIII. Theorem. 

341. Two triangles having an angle of the one equal to 
an angle of the other are to each other as the products of the 
sides including the equal angles. 




Let the triangles ABC and ADE have the common 
angle A, 



We are to prove 



Draw B E. 



Now 



A ABC _ ABX AC 
AA1)E "* AUX AE 



AABC AC 



AABE AE 
(^ havi7ig the same altitude are to cadi oth&i' as their hoses). 



§326 



Also 



AABE 

a'aiTe 



AB 
A D 



§326 



(A Juiving the same altitude are to each other as their bases). 
Multiply these equalities ; 



then 



AABC ^ AB X AC 
AABE ADXAE 



aE. D. 
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Proposition XIV. Theorem. 

342. Similar triangles are to each other as the squares 
on their homologom sides. 





" ^ a ^' 

Let the two triangles be AC B and A'C'B'. 

AACB n^ 



We are to prove 



A A' C B' 



A^ 



Draw the perpendiculars C and C 0'. 



Then 



AACB 



ABX CO 



AA X -^, § 326 

A'B' CO' ^ 



A A'C'B' A'B'XC'O' 
{two ^ are to each other as the prodiLcU of their hawses by their altitudes). 

AB CO 



But 



A'B' 



C'C 



§297 



{tlie homologous altitudes of similar ^ have the same ratio as their homolo- 
gous bases). 

Substitute, in the above equality, for its equal ; 

^ •^' CO' ^ A'B' 



then 



AACB 



A A' C B' A' B 



AB AB 
X 



A'B' 



A!~B^ 



Q. E. D. 
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Proposition XV. Theorem. 

343. Two similar polygons are to each other 09 the 
squares on any two homologous sides. 



AK^: 




Afk- 




F E 

Let the two similar polygons be ABC, etc., and 
A'BC, etc. 

ABC, etc. £ff 



We are to prove 



A' B' C, etc. £^i 



a 



From the homologous vertices A and A' draw diagonals. 
AB BC CD 



Now 



f &uC»y 



A' B' B' c c jy 

(similar polygoTis have their homologous sides proportional) ; 



.'.by squaring, 



atbI' BTcf" unj^ 



, etc. 



T\iQ AABCyACD, etc., are respectively similar to A'B'C, 
A' C B', etc., § 294 

{two similar polygons are composed of the sam>e nnmher of ^ similar to each 

other and similarly placed). 



A ABC 



ArU" 



{similar ^ are to each other as the sqiuires on their homologous sides), 

i2 



§ 342 



and 



A ACD 
A"4' C B' 



CJX 
C'~D'^ 



§342 
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But _^ = i^, 

. AABC AACD 



AA'B'C A A' CD' 

In like manner we may prove that the ratio of any two of 
the similar A is the same as that of any other two. 

. AABG __ AACD _ AADE ^ AAEF 
' ' AA'B'C "* AA'C'iy "" AA'WE' "" AA'E'F' 

AABC + ACI) + ABE-^ AEF _ AABC 
* * AA^B'^ + A'CD'^ A' D' E' + A' E' F '^ A A' B' C' 

(in a series of equal ratios the sum of the antecedents is to the sum of the 
consequeTUs as any antecedent is to its conseqibent). 

But AM£ = i:^, §342 

AA'B'G' £^ ^ 

{similar A are to each other as the squares on their homologous sides) ; 

. the polygon ABC, etc. ___ JTd 
the polygon A' B' C, etc A!^'^ 

Q. E. D. 



344. Corollary 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

345. Cor. 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let S and S' represent the areas of the two similar polygons 
ABC, etc., and A' B' C, etc., respectively. 

Then S \ S' w AB^ : AHB^, 

{similar polygons are to ea^ other as the squares of their homologous sides). 

s/S : \fS^ :: AB : A' B% § 268 

or, AB : A' B' \ : sfS : yJ'S'. 
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On Constructions. 

Proposition XVL Problem. 

846. To conatruct a square equivalent to the sum of two 
given squares. 

r """ 





B\ 



W 



A- 



S 



Let R and R' be two given squares. 
It is required to construct a square = R+ R\ 
Construct the rt. Z il. 

Take A B equal to a side of Rj 

and A C equal to a side of R*. 

Draw B C. 

Then B C will be a side of the square required. 



For 



'BC^=-A^ + AC\ 



§ 331 



{the square on the hypotenuse of a rt. ^ is equivalent to the sum of the 

squares on the two sides). 

Construct the square S, having each of its sides equal 
to BC. 

Substitute for 5^, Aff and Alf, S, R, and R' re- 
spectively ; 



then 



S=R-\- R\ 



.*. S is the square required. 



a E. F. 
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Proposition XVII Problem. 

347. To construct a square equivalent to the difference 
of two given squares. 




Bf 



\ 



\ ■'' 






\s i 



Let R be the smaUer square and R' the larger. 
It is required to construct a square = R! — R. 
Construct the rt. Z -4. 

Take A B equal to a side of R. 

From ^ as a centre, with a radius equal to a side of R, 

describe an arc cutting the line AX oi C. 

Then A C will be a side of the square required. 



For 



draw B G. 



IB" -{• £0" = Blf, § ^^^ 

(the sum of the squares on the two sides of art. A is equivalent to the square 

on the hypotenuse). 

By transposing, I^ = BC^ — A^. 
Construct the square S, having each of its sides equal io AC, 

Substitute for AG^, FC^, and A^, S, R', and R re- 
spectively ; 

then S=-R — R, 



,', S i^ihe square required. 



a E. F- 
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Proposition XVIII. Problem. 
348. To construct a square equivalent to the sum of any 
number of given squares. 



n 



V ^ 



r 





H 




y\ 




/ \ 


* 


\ 


X 


\ 
\ 


/ \ 


\ 


/ 


\ \ 


El 


\ 


1 \. 


\ \ 


r "^« 


\ 


' ■s, 

/ 

1 


\ \ \ 


L _— 


:::::::r^B 



wi A 

Let m, 71, 0, p, r be sides of the given squares. 
It is required to construct a square = m* + »* + o^ + />* + r*. 

Take AB= m. 

Draw AG = n and l.io AB ai A, 
Draw B C. 
Draw CB=o and JL to B C a.t C, and draw BK 
Draw J^i^ = JO and ±to BE ai B, and draw BF. 
Draw FH = r and ± to ^^ at F, and draw B H. 
The square constructed on 5 ^ Ls the square required. 

For BH^ = FTP + JO^, 

= FH'^ + El^ + W^, 

= Flf- + 'FTP^ + F!C^ + C^, 

= Fh'^ + EF^ + E^+(r^^ r&, §331 

ifke sum of the squares on two sides of a rt. ^is equivalent to the sqxcare 

on the hypotenuse). 

Substitute for AB, A, EC, EF, and F H, m, n, o, p, 
and r respectively ; 

then BH^ = m^ + n^ + o^ + p^ + r^, 

Q. E. F. 
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Proposition XIX. Problem. 

349. To construct a polygon similar to two given similaf 
polygons and equivalent to their sum. 




K 



P^ 



Let R and R' he two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon equivalent to 
R + R', 

Construct the rt. Z P, 

Take P H ^ A' B', 2Lndi P =- A B. 

Draw H, 

TBkQA"B"^OH. 

Upon A" B", homologous to A B, construct the polygon R" 
gimilar to R. 

Then 72'' is the polygon required. 

For R' : R : : A^ : ^TS", § 343 

(similar polygons are to each other as the squares on their Jiomologous sides). 

R" \ R' w jSJnSi^ : JTB^, 



But 



R" : R' 



Also 

In the first proportion, by composition, 

R' + R : R' :: A^ + A^ : A^\ 

FH^ + FTP' < FB^, 

Blf : FS\ 



§343 



§ 264 



: m)^ : FH^. 
:.R" : R' M R' + R : ^'; 
.-. R" = R-\- R. 



Q. E. F. 
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Proposition XX. Problem. 
350. To construct a polygon similar to two given similar 



polygons and equivalent to their difference. 




/ 



/"v 



\ 



/ 



X 



\ 



Bfi 









/ 



L 




o 



Af BAB 

Let R and R' be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon which shall 
he equivalent to R' — R, 

Construct the rt. Z P, 

and take P = .4 ^. 

From as a centre, with a radius equal to A' B^, 

describe an arc cutting PX at H. 

Draw H, 

TdkQ A" B'' -= P ff. 

On A'' B", homologous to A B, construct the polygon R*' 
similar to R. 

Then R" is the polygon required. 

For R' : R :: A^^ : I^, § 343 

{similar polygons are to each otlur as the squares on their homologous sides). 

Also R" : R :: F^^ : A^. § 343 

In the first proportion, by division, 

R'-R : R :: £~B^ - A& : JTS^, § 265 



But 



R" \ R w ins^ : A ^, 

: KR^ : OP", 
:.R" : R . : R' — R : R; 
.-. R'' = R' — R. 



Q. E. F. 
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Proposition XXI. Problem. 

351. To comtrtict a triangle equivalent to a given 
polygon. c D 




Let ABC DEE be the given polygon. 

It is required to construct a triangle equivalent to the given 
polygon. 

From D draw D E, and from H draw HFWto BE, 

Produce AEto meet H F dX F, and draw D F. 

The polygon ABC D F has one side less than the polygon 
A BC D H Ey but the two are equivalent. 

For the part ABCB E is common, 

and the A I) EF= A DEII, for the base Z> ^ is common, 
and their vertices i^and H are in the line FH II to the base, § 325 
(^ having the same hose and equal altUicdcs are equivalent). 

Again, draw F, and draw J) K W to C F to meet A F 
produced sit E, 

Draw C E, 

The polygon AB C K has one side less than the polygon 
ABODE, but the two are equivalent. 

For the part ABCFis common, 

and the A CFK= A CFD, for the base C F is common, 
and their vertices K and D are in the line ED II to the base. § 325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A C I K. 

Q. E. F. 
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Pboposition XXII. Problem. 

352. To construct a square to Aid shall have a given 
ratio to a given square. 

/ y i \ \ 

m IE A \ \lA. 

• '' '^ \ 

» A -^ — - j^ ^ C 

n 
Let R be the given square, and - the given ratio. 

m 

It 18 required to construct a sqvare which shall he to R as 

n ts to m. 

On a straight line take AB = m, and BC = n. 

On -4 (7 as a diameter, describe a semicircle. 

At B erect the 1. B S, and draw SA and SC, 

Then the A iliS C is a rt. A with the rt. Z B.t S, § 204 
(being iTiscribed in a semicircle.) 

On SAy OT SA produced, take SJS equal to a side of R. 

Draw JS^i^ll to A C, 

Then S F is sl side of the square required. 

For ^==£^, §289 

^ BC' ^ 

(the sqiuires on the sides of a rt. A h>ave the same ratio as the segments of the 
hypotenuse made by the ± let fall from the vertex of the rt. /.). 

Also — = II. § 275 

SC SF 
(a straight line drawn through two sides of a A, parallel to the third side, 

divides those sides proportionally). 

Square the last equality ; 

then ^ = ^. 

SI? ST^ _ 

q-72 jS~a 

Substitute, in the first equality, for -■ its equal ; 

SV^ ^F^ 

•1, S F A B m 
then := == — , 

^j^2 BC n 

that is, the square having a side equal to ^Si^ will have the 
same ratio to the square R, as n has to m. 

Q. E. F. 
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Proposition XXIII. Problem. 

853. To construct a polygon similar to a given polygon 
and having a given ratio to it. 




^:/r\x 



/^\. 



- — V J 

n A' Bi 

n 
Let R he the given polygon and - the given ratio. 

m 

It u required to construct a polygon similar to R, which 
shall be to R as n is to m. 

Find a line, A^ B\ such that the square constructed upon it 
shall be to the square constructed upon ^ j? as 7& is to m. § 352 

Upon A* -5' as a side homologous to A B, construct the 
polygon S similar to R, 

Then S is the polygon required. 



r/2 



SI A' H' 
For 1 = ^, §343 

(similar polygons are to each other as the squares on their homologoTis sides). 



But — ^ - = _ ; Cons. 

AJE^ ^ 

• on on 

.•.-==—, or, tS : R : : n : m, 

R m 

Q. E. F. 
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Proposition XXIV. Problem. 

354. To consfrtict a square equivalent to a given paral- 
lelogram, 

P 



B c r 1 




\ 
\ 
\ 



\ " \ f 

N ^ 

Let A BCD be a pamllelogram, b ^ts base, and a its 
altitude. 

It is required to construct a square = OJ ABCD. 

Upon the line MX take MN = a, and N O^h. 

Upon if as a diameter, describe a semicircle. 

At N erect NP ± to MO. 

Then the square R^ constructed upon a line equal to iTP, 
is equivalent to the CJ A B C D. 

For MJ^ : NP : : NP : NO, § 307 

(a ± let fall from any point of a circumference to the diameter is a uncan 
proportional between the segments of the diameter). 

.-. NP^ = MN X NO = aXb, § 269 

t 

(tJie product of the m^ans is equal to the product of the extremes). 

Q. E. F. 

355. Corollary 1. A square may be constructed equiva- 
lent to a triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. Cor. 2. A square may be constructed equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 
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Proposition XXY. Problem. 

357. To construct a parallelogram equivalent to a given 
square, and having the sum of its base and altitude equal to 
a given line. 







M L J-. J N 

Let R he the given square, and let the sum of the 
base and altitude of the required parallelogram 
be equal to the given line MN, 

It is required to construct a CJ = JR, and having the sum 
of its base and- altitude = M N. 

Upon if iV as a diameter, describe a semicircle. 

At M erect a J_ MP, equal to a side of the given square R, 

Draw P Q II io M N, cutting the circumference at S, 

Ditiw SO ±toM]!i. 

Any O having C M for its altitude and C N for its base, 
is equivalent to R, 

For SCi^WioPM, §65 

{two straight lines ± to the saine straight line are II ). 

.\SG = PM, §135 

(ll« comprehended between lis are equal). 



.\SG' = PAi' = R. 

But MC : SO :: SO : ON, § 307 

(a _L let fall from any point in a circumference to the diameter is a mean 
proportional between the segtnents of the diameter). 



Then SC' = MGXGN, § 259 

(flic product of the means is equal to the product of the extremes). 

Q. E. F. 

358. Scholium. The problem is impossible when the side 
of the square is greater than one-half the line M N. 
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Proposition XXVL Problem. 

359. To conHruct a parallelogram equivalent to a given 

square, and having the difference of its base and altitude 

equal to a given liiie, 

S 





X 



z 



B) 



/ 



/ 



B 

Let R be the given square, and let the difference of 
the base and altitude of the required paraUelo- 
gram be equal to the given line M N. 

It is required to constricct a CJ = Jiy tuitk the difference 
of the base and altitude = M N. 

Upon the given line MN as & diameter, describe a circle. 

From M draw MS, tangent to the O, and equal to a side 
of the given square B, 

Through the centre of the O, draw SB intersecting the 
circumference at G and B, 

Then any O, as /?', having SB for. its base and SO for 
its altitude, is equivalent to B. 

For SB : SM :: SM : SCy § 292 

(if from a point without a O, a secant and a tangent be draimif the tangent is 
a mean proportional between the whole secant and the part toithorU the O). 

Then SIS^ = SBX SO; § 259 

and the difference between aS'^ and AS'Cis the diameter 
of the O, that is, 3fN', 

Q. E. F. 
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Proposition XXVII. Problem. 
860. Given x = sfiy to construct x. 



E 



/ 

/ 
/ 



* 



/ 



V 



.i 



\ 



^ C D ^ 

7/1 



Let m represent the unit of length. 

It is required to find a line which shall represent the square 
root of 2. 

On the indefinite line A B, take A C = m, and CD = 2 m, 

On -4 i> as a diameter describe a semi-circumference. 

At erect a _L to -4 .5, intersecting the circumference at E. 

Then C E is the line required. 

For AC : CE :: CE : CD, § 307 

(the -L let fall from any point in the circumference to the diameter y is a mean 
proportional between the segments of the diameter) ; 



.\C E'=-ACX CD, § 259 



,\CE=)/ACX CD, 
= v^l X 2 = V^2 . 



Q. E. F. 



Ex. 1. Given x = y/5, y = \Jl, z = 2^ ; to construct x, y, 
and z. 

2. Given 2 : a; : : a? : 3 ; to construct x, 

3. Construct a square equivalent to a given hexagon. 
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Proposition XXVIII. Problem. 

861. To construct a polygon similar to a given polygon 
Ty and equivalent to a given polygon Q. 





B'^^- 

^"1" 




\ 



x\. 



P' I 

I 



\ 
\ 



y 



^' ,.'-" / »i 



n. 



m 



'i ! 



m- 



Let F and Q be two given polygons, and AB a side 
of polygon P, 

It is required to construct a polygon similar to P and equiva- 
lent to Q. 

Find a square equivalent to P, § 356 

and let m be equal to one of its sides. 

Find a square equivalent to Q, § 356 

and let n be equal to one of its sides. 

Find a fourth proportional to m, n, and AB. § 304 

Let this fourth proportional be A^ B', 

Upon A' B', homologous to A B, construct the polygon P 
similar to the given polygon P. 

Then P' is the polygon required. 
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For ^ = 1^ . Cons. 

n A' B' 



m 



2 Al? 



>2 



Squaring, 

n" A'B' 

But P = m^, Cons, 

and Q = n^ ; Cons. 



A'B'^ 


A^ 


A'Bi^ 



But ^ = -^-^ , § 343 

(similar polygons are to each other as the sqtuires on their homologous sides) ; 

.-. ^ = ^; Ax. 1 

Q P' 

.*. P' is equivalent to Q, and is similar to P by construction. 

Q. E. F. 



Ex. 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 3, and 5. 

2. Construct a square equivalent to the difference of two 
given squares whose sides are respectively 7 and 3. 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

4. Construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

5. Given a hexagon ; to construct a similar hexagon whose 
area shall be to that of the given hexagon as 3 to 2. 

6. Construct a pentagon similar to a given pentagon and 

equivalent to a given trapezoid. 
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Proposition XXIX. Problem. 

862. To construct a polygon similar to a given polygon, 
and having two and a half ti?nes its area. 





B ^ C N 

Let P be the given polygon. 

It is required to construct a polygon similar to P, aTid 
equivalent to 2 J P. 

Let ^ ^ be a side of the given polygon P. 
Then ^ : ^ :: AB : x, 

or yJ2 : sjo :: AB : X, § 345 

{the homologous sides of similar polygons are to each other as the square roots 

of their areas). 

Take any convenient unit of length, dis MC, and apply it 
six times to the indefinite line MN. 

On MO {= S M C) describe a semi-circumference ; 

and on MN (= Q MC) describe a semi-circumference. 

At erect a J- to M N", intersecting the semi-cifcumfer- 
ences at D and If. 

Then C' 2> is the ^2, and C ff is the V^. § 360 

Draw C 7, making any convenient Z with C ff. 

OnCYiakeCJS = AB. 

From D draw D E, 

and from H draw H Y W io D E. 
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Then G Y will equal x, and be a side of the polygon re- 
quired, homologous to A B. 

For CD : CH i: CE : CY, §275 

(a line dravm trough two sides of a A, W to the third side, divides the two 

sides proportionally). 

Substitute their equivalents for CD, C H, and C E ; 
then )/2 : )/5 :: AB : CY. 

On C Yf homologous to A B, construct a polygon similar 
to the given polygon F; 

and this is the polygon required. 

Q. E. F. 



Ex. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45® ; what is 
its length between the parallels 1 

2. Given an equilateral triangle each of whose sides is 20 ; 
find the altitude of the triangle, and its area. 

3. Given the angle -4 of a triangle equal to § of a right 
angle, the angle B equal to J of a right angle, and the side a, 
opposite the angle A, equal to 10 ; construct the triangle. 

4. , The two segments of a chord intersected by another chord 
are 6 and 5, and one segment of the other chord is 3 ; what 
is the other segment of the latter chord ] 

5. If a circle be inscribed in a right triangle : show that 
the difference between the sum of the two sides containing the 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

6. Constnict a parallelogram the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

7. Given the difference between the diagonal and side of a 
square; construct the square. 



BOOK V. 

REGULAR POLYGONS AND CIRCLES. 

363. Dep. a Regular Polygon is a polygon which is 
equilateral and equiangular. 

PaoposiTiON I. Theorem. 

364. Every equilateral polygon inscribed in a circle is a 
regular polygon. 




Let ABC, etc., be an equilateral polygon inscribed 
in a circle. 

We are to prove the polygon ABC, etc, regular. 

The arcs A B, BC, C D, etc., are equal, § 182 

(in the same 0, equal chords subtend equal arcs). 

.'. arcs ABC, BCD, etc., are equal, Ax. 6 

.'. the A A, B, C, etc., are equal, 
(being inscribed in equal segments). 

.'. the polygon ABC, etc., is a regular polygon, being 
equilateral and equiangular. 

Q. E. D. 
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Proposition II. Theorem. 

365. I. A circle may he circumscribed about a regular 
polygon, 

II. A circle may be inscribed ifi a regular polygon. 




E 
Let ABC Dy etc, be a regular polygon. 

We are to prove that a O mag be circumscribed about this 
regular polygon, and also a O Tnay be inscribed in this regular 
polygon. 

Case L — Describe a circumference passing through A, JB, and C. 

From the centre 0, draw OA, D, 

and draw 5 _L to chord B C, . 

On Os as an axis revolve the quadrilateral OABs, 

until it comes into the plane of OsC D, 

The line s B will fall upon s C, 
{f(yr /.OsB = /.OsC, both being rt. A ). 

The point B will fall upon C, § 183 

{since sB = sC). 

The line BA will fall upon CD, § 363 

{sin/ie Z B = Z Of being A of a regular polygon). 

The point A will fall upon D, § 363 

{since B A = CD, being sides of a regular polygon). 

,', the line A will coincide with line D, 
(their extreynitics being the same points). 

,', the circumference will pass through J). 

In like manner we may prove that the circumference, pass- 
ing through vertices B, C, and I) will also pass through the 
vertex U, and thus through all the vertices of the polygon in 
succession. 

Case IT. — The sides of the regular polygon, being equal chords of 
the circumscribed O, are equally distant from the centre, § 1 85 

.'.a circle described with the centre and a radius Os 
will touch all the sides, and be inscribed in the polygon. § 174 

aE.D. 
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366. Dep. The Centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

367. Dep. The Baditu of a regular polygon is the radius 
OA of the circumscribed circle. 

368. Dep. The Apothem of a regular polygon is the radius 
Os of the inscribed circle. 

369. Dep. The Angle at the centre is the angle included 
by the radii drawn to the extremities of any side. 



Proposition III. Theorem. 

370. Each angle at the centre of a regular polygon is 
equal to four right angles divided by the numier of sides 
of the polygon. 




Let ABC, etc., be a regular polygon of n sides, 

4rt. ^ 
We are to prove /. AG B — • 

Circumscribe a O about the polygon. 

The AAOB^BOC, etc., are equal, § 180 

(in the same O eqxicd arcs subtend equal A at the centre). 

.\ the Z A OB = 4Tt. A divided by the number of A about 0. 

But the number of A about =^ n, the number of sides 
of the polygon. 

4 rt. ^ 

.\ZAOB'=- 

n 

Q. E. D. 



371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. 
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Proposition IV. Theorem. 

372. Two regular polygons of the same numher of sides 
are similar. 





Q )c F'( Q' 





Let Q and Q^ be two regular polygons, each having 
n sides. 

We are to prove Q and Q* similar polygons. 

The sum of the interior A of each polygon is equal to 

2 rt. A{n — 2), § 157 

{the sum of the interior A of a polygon is equal to 2 rt. A taken as many 

times less 2 as the polygon has sides). 

Each Z of the polygon Q = ^ ^ , § 158 

ft 

(for the A of a regular polygon are ail eqiud, and hence each A is eqiuil 

to the sum of the A divided by their number). 

Also, each Z of $' = ^ ^^- A{n-2) ^ ^^g 

n 

,'. the two polygons Q and Q^ are mutually equiangular. 

Moreover, ^ = 1' § ^^^ 

{tlie sides of a regular polygon are all equal) ; 

BC B'C 
.*. the two polygons have their homologous sides proportional ; 

,*. the two polygons are similar. § 278 

Q. E. D. 
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Proposition V. Theorem. 

373. The homologous sides of similar regular polygoits 
have the same ratio as the radii of their circmnscribed cir- 
cles y and, also as the radii of their inscHbed circles. 





Let and 0' be the centres of the two similar reffu- 
lar polygons ABC, etc., and A'B'C*, etc. 

From and O* draw E, D, 0'E\ (y ly, also the 
Js w and O m'. 

E and 0' E' are radii of the circumscribed CD, § 367 

and m and 0' ml are radii of the inscribed (D. § 368 

EB _ E _ Om 



We are to prove 



E' D' 0' E 0' m' 

In the AGED and 0' E' L' 

the A OE By OD E, 0' E B' and C B' W are equal, § 371 
i))tb\jg halves of the equal A F E D, EDC, F' E^ jy and E' D* C) ; 

.'. the A ^/) and 0' E B' are similar, § 280 

(t/ two A have two A of the one equal respectively to two A of the other, they 

arc similar). 



EB 
ETB' 



OE 



§278 



Also, 



{the homologous sides of similar A are proportional), 

EB Dm 



E B' 



O'm! 



§297 



{flu hovfvologoiis altitudes of similar A ?iave the same ratio as their hom/)lo- 

gous bases). 

Q. E. D. 
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Proposition VI. Theorem. 

374. The perimeter a of similar regular jpolygona have 
the same ratio as the radii of their circumscribed circles y and, 
also as the radii of their inscribed circles. 





Let P and F represent the perimeters of the two 
similar regular polygons ABC, etc., and A'BfC'^ etc. 

From centres 0, 0' draw E, 0' E', and J^Om and C m', 

Om 



m * P OE 

We are to prove — = 

F 0' E' 



O'm' 



P_ _ ED 
P ~~ E D'' 



§ 295 



{the peHmeters of similar polygons have the same ratio as any two homolo- 
gous sides). 



Moreover, 



OE 



ED 



O'E E'D'' 



§373 



(the homologovs sides of similar regular polygons have the same ratio as the 

radii of their circumscribed (D). 



Also 



Om 
O'm' 



ED 
ED'' 



§373 



(th>e homologous sides of similar regular polygons have the same ratio as 

the radii of their inscribed (D). 



OE 



Om 



O'E' O'm' 



Q. E. D. 
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Proposition VIL Theorem. 

875. The circumferences of circles liave the same tatio 
as their radii. 





Let C and C be the circumferences, R and R the 
radii of the two circles Q and Q*, 

We are to prove C : C : \ R : R'» 

Inscribe in the ® two regular polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters wiU continue to have the same ratio as 
the radii of their circumscribed circles, § 374 

(the perimeters of similar regular polygons have the same ratio aw ^ radii 

of their circumscribed (D), 

and will approach indefinitely to the circumferences as their 
limits. 

.'. the circumferences will have the same ratio as the radii 
of their circles, § 199 



C : C : : R : R\ 



Q. E. D. 
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376. CoBOLLABY. By multiplying by 2, both terms of the 
ratio R : E', we have 

C : C ::2R :2Ri 

that is, the circumferences of circles are to each other as 
their diameters. 

Since C : C : : 2 R \ 2R', 

G i2R :: C' :2R\ § 262 

C 



or, 



2R 2R' 



That is, the ratio of the circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter tt. 

377. Scholium. The ratio tt is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter TT, however, is used to represent its exact value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 
angles. 

2. Show, geometrically, that the square described upon the 
sum of two straight lines is equivalent to the sum of the squares 
described upon the two lines plus twice their rectangle. 

3. Show, geometrically, that the square described upon the 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines minus twice their rectangle. 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 
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Proposition VIII. Theorkm. 

878. If the number of aides of a regidar inscribed poly- 
gon be increased indefinitely , the apothem will be an increas- 
ing variable whose limit is the radius of the circle. 




In the zight tziangle OCA, let A be denoted by R, 

OC byr, and AC byb. 

We are to prove lim. (r) = /?. 

r<R, §52 

(a ± is the shortest distance from a poirU to a straight line). 

And R — r<h, §97 

{one side of a A is greater than the difference of the other two sides). 

By increasing the number of sides of the polygon indefi- 
nitely, A B, that is, 2 6, can be made loss than any assigned 
quantity. 

.'.bf the half of 2 b, can be made less than any assigned 
xjuantity. 

.'. R-^r, which is less than 6, can be made less than any 
assigned quantity. 

.'. lim. (R — r) = 0. 

.'.R — lim. (r) = 0. § 199 

.'. lim. (r) = R. 

Q. E. D. 
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Proposition IX. Theorem. 

379. The area of a regular polygon is equal to one-half 
the product of its apothem hy its perimeter. 




Let P represent the perimeter and R the apothem 
of the regular polygon ABC, etc. 

We are to prove the area of ABC, etc., = ^E X P, 

J)Ta,w A, B, 0, etc. 

The polygon is divided into as many A as it has sides. 

The apothem is the common altitude of these A, 

and the area of each A is equal to ^ E multiplied hy 
the hase. § 324 

.*. the area of all the A is equal to ^ E multiplied hy the 
sum of all the hases. 

But the sum of the areas of all the A is equal to the area 
of the polygon, 

and the sum of all the hases of the A is equal to the 
perimeter of the polygon. 

.'. the area of the polygon = ^ E X P. 

Q. E. D. 
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Proposition X. Theorem. 

880. The area of a circle is equal to one-half the 
product of its radius by its circunference. 




Let R represent the radins, and C the circumference 
of a circle. 

We are to prove the area of the circle = ^ B X (7. 

Inscribe any regular polygon, and denote its perimeter 
by P, and its apothem by r. 

Then the area of this polygon =^rX F, § 379 

{t?ie area of a regtUar polygon is equal to one-half the prodttct of Us apothein 

by the perimeter). 

Conceive the number of sides of this polygon to be indefi- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the polygon approaches the circum- 
ference of the circle as its limit, 

the apothem, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 
But the area of the polygon continues to be equal to one- 
half the product of the apothem by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the O = J 7? X (7. § -199 

Q. E. D. 
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381. Corollary 1, Since 



G 



TT, 



§376 



2R 

In the equality, the area of the O = J i? X C, 

substitute 2vE foi C; 

then the area of the = J7?X 27ri?, 

That is, the area o/aQ =ir times the square on its radius, 

382. Cor. 2. The area of a sector equals \ the product of 
its radius by its arc ; for the sector is such part of the circle as 
its arc is of the circumference. 

383. Dep. Tn different circles similar arcs^ similar sectors, 
and similar segments, are such as correspond to equal angles at 
the centre. 

Proposition XI. Theorem. 

« 

384. Two circles are to each other as the squares on 
their radii. 





Let R and R' be the radii of the two circles Q and Q'. 
We are to prove — = 

Now q = Trm, §381 

{thA arm of aQ) = it times the square on its radius), 

and Q'=-TrR'^, §381 

Q _ ir^ _ ^ 



Then 



Q. E. D. 



385. Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each other as their radii ; similar 
sectors, being like parts of their respective circles, are to each 
oth&r as the squares on their radii. 
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Pboposition XII. Theobem. 

886. Similar segmenU are to each other a8 the sqtiares 
on their radii. C 

a 





pi p 

Let A C and A' C be the radii of the two similar seg- 



ments ABP and A' B' P'. 




We are to prove — 
^. A'B'P' 


A'& 



The sectors AC Bond. A' C B' are similar, § 383 

{having the ^ at the centre, C and O, equal). 

Inthe A AC B and A' C B' 

/.C = Z.C', § 383 

ifyeing carrespondwg A of similar sectors), 

AC = CB §163 

A^C' = C'B'; §163 

.-. the A ^ (7 ^ and ii' C B' are similar, § 284 

(having an /. of the (me eqtcal to an Z of the other, and the induding sides 

proportional). 

Now sector A C B _ AC" 5355 

sector A' C B' j^i q^ 
{similar sectors are to each other as the sqtuires on their radii); 

and AA^ = A^, §342 

AA'C'B' JTQ}^' 

{similar A are to each other as the squares on thdr homologous sides). 

TT sector ^(7^ -A .1(7^ JTC^ 
Hence = , 

sector A' C B' — A A' C B' AJJJ'^ 

or segment ABP ^ A^ ^ ^ 271 

segment A' B P' A!~G'^ 
{if two quantities he increased or diminished by like parts of each, the res^ilts 

will he in the same ratio as the quantities themselves). 

Q. E. D. 
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Exercises. 

1. Show that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd, 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd, 

3. Show that any equiangular polygon circumscribed about a 
circle is regular. 

4. Show that the side of a circumscribed equilateral triangle 
is double the side of an inscribed equilateral triangle. 

5. Show that the area of a regular inscribed hexagon is 
three-fourths of that of the regular circumscribed hexagon. 

6. Show that the area of a regular inscribed hexagon is a 
mean proportional between the areas of the inscribed and cir- 
cumscribed equilateral triangles. 

7. Show that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal to the 
sides of the inscribed and circumscribed squares. 

8. Show that the area of a regular inscribed dodecagon is 
equal to three times the square on the radius. 

9. Given the diameter of a circle 50 ; find the area of the 
circle. Also, find the area of a sector of 80° of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre of ground ; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 
decagon, is equal to the square on the radius. 



224 QBOMETET. — BOOK V. 



On Constructions. 

Proposition XIII. Problem. 

387. To inscribe a regular polygon of any number of 
sides in a given circle. 




Let Q be the given circle, and n the number of sides 
of the polygon. 

It is required to inscribe in Q, a regular polygon having n 
sides. 

Divide the circumference of the O iuto n equal arcs. 

Join the extremities of these arcs. 

Then we have the polygon required. 

For the polygon is equilateral, § 181 

(in the same O eqttal arcs are subtended by equal chords) ; 

and the polygon is also regular, § 364 

{an equilateral polygon inscribed in a O is regular), 

Q. E. F. 
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Proposition XIV. Problem. 

388. To inscribe in a given circle a regular polygon 
which has double the number of sides of a given inscribed 
regular polygon. 




Let ABO D be the given inscribed polygon. 

It is required to inscribe a regular polygon having double the 
number of sides of AB CD. 

Bisect the arcs AB, BC^ etc. 

Draw A By BB, B F, etc., 

The polygon AE B FC, etc., is the polygon required. 

For the chords AB, BC, etc., are equal, § 363 

(Jking sides of a regular polygon). 

.". the arcs A B, BC, etc., are equal, § 182 

(in the same O equal chords subtend equal arcs). 

Hence the halves of these arcs are equal, 

or, AF, FB, B F, FO, etc., are equal; 

.'. the polygon A FBF, etc., is equilateral. 

The polygon is also regular, § 364 

(an equilateral polygon inscribed in a O is regular); 

and has double the number of sides of the given regular 
polygon. 

Q. E. F. 
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Proposition XV. Problem. 
389. To imcfibe a square in a given circle. 



Let he the centre of the given circle. 

It is required to inscribe a square in the circle. 

Draw the two diameters A C and -6 2> J_ to each other. 

Join AB, BC, C B, and DA, 

Then A B C D is the square required. 

For, the A ABC, BCD, etc., are rt. A, § 204 

{being inscribed in a semicircle) , 

and the sides AB, BC, etc., are equal, § 181 

(in the same O eqiual arcs are subtended by equal chords) ; 

.'. the figure A B CD is a square, § 127 

{having its sides equal and its A rt. A ). 

Q. E. F. 

390. Corollary. By bisecting the arcs AB, BC, etc., a 
regular polygon of 8 sides may he inscribed ; and, by continuing 
the process, regular polygons of 16, 32, 64, etc., sides may be 
inscribed. 
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Proposition XVI. Problem. 
891. To inscribe in a given circle a regular hexagon. 



Let be the centre of the given circle. 

It is required to inscribe in the given O a regular hexagon. 

From draw any radius, as C. 

From (7 as a centre, with a radius equal to C, 

describe an arc intersecting the circumference at F, 

Bmw OF Bind CF. 

Then C J^ is a side of the regular hexagon required. 

For the A OFCia equilateral, Cons. 

and equiangular, § 112 

.-. the Z FOC 19 i of 2 rt. A, or, J of 4 rt. zi . § 98 

.'. the arc /"C is J of the circumference A B C F, 

,'. the chord FC, which subtends the arc FC, is a side 
of a regular hexagon ; 

and the figure CFI), etc., formed by applying the radius 
six times as a chord, is the hexagon required. 

Q. E. F. 

392. Corollary 1. By joining the alternate vertices -4, C, 
D, an equilateral A is inscribed in a circle. 

393. Cor. 2. By bisecting the arcs AB, B C, etc., a regu- 
lar polygon of 12 sides may be inscribed in a circle; and, by 
continuing the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XVIL Problem. 
894. To inscribe in a given circle a regular decagon. 




B 
Let be the centre of the given circle. 

It is required to inscribe in the given O a regidar decagon. 

Draw the radius 0, 

and divide it in extreme and mean ratio, so that C shall 
be to 0^ as aS' is to SO. § 311 

From C as a centre, with a radius equal to S^ 

describe an arc intersecting the circumference at B. 

Dtslw BO, BS, and BO. 

Then BO is sl side of the regular decagon required. 

For 00 : OS : : OS : SO, Cons. 

and BO=OS. Cons. 

Substitute for S its equal B 0, 

then 00 : BO :: BO : SO. 

Moreover the Z B = Z SO B, Iden. 

.-. the A 00 B and B OS are similar, § 284 

(having an Z of the one equal to an Z of the other, and the including sides 

proportional). 

But the A OB is isosceles, § 160 

{its sides C and B being radii of the same circle). 

.'. the A B O S, which is similar to the A OB, is isosceles, 
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• 


and 


BS^BC. 


§ 114 


But 


OS^BC, 


Cons. 




.\OS=^BS, 


Ax. 1 




.'.the A SO B ia isosceles, 




and 


theZ = Z SBO, 
{being oppoaiU equal sides). 


§112 



But the Z CSB = Z O-^ZSBO, § 105 

{ihe exterior ^ of a A is equal to the sum of the tvx> opposite interior A )• 

.-. theZ CSB='2Z 0. 
ZSCB{=Z CSB)-=2Z 0, §112 

and ZOBC {=ZSCB) = 2Z0, §112 

.-. the sum of the ^ of the A C7-5 = 6 Z 0. 

.'.5 Z0 = 2Tt.A, §98 

and Z = ^ of 2 rt. -^, or -j^ of 4 rt. ^4. 

.'. the BLTC B C 18 ^ of the circumference, and 

.". the chord jB C is a side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide the radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a chord. 



395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. Cor. 2. By bisecting the arcs BC, OF, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be inscribed. 



I 



Q. E. F. I 



230 6E0METBT. — BOOK V. 



Proposition XVIII. Problem. 

897. To inscribe in a given circle a regular perUedecagon, 
or polygon of fifteen sides. 




Let Q be the given circle. 

It w required to inscribe in Q a regular pentedecagon. 

Draw EH equal to a side of a regular inscribed hexagon, § 391 

and -^Z' equal to a side of a regular inscribed decagon. § 394 

Join FIT. 

Then FIT will be a side of a regular inscribed pentedecagon. 

For the arc -^ ZiT is J^ of the circumference, 

and the arc F F is ^ of the circumference ; 

.*. the arc i^ jy is J — -jJ^, or -j^, of the circumference. 

.*. the chord FH ia sl side of a regular inscribed pente- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

Q. E. F. 

398. Corollary. By bisecting the arcs Fff, HA, etc., 
a regular polygon of 30 sides may be inscribed ; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 
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Proposition XIX. Problem. 

899. To inscribe i?i a given circle a regular polygon 
similar to a given regular polygon. 

^^U- ^ C D 





Let A BOD, etc., be the given regular polygon, and 
C'D'E' the given circle. 

It is required to inscribe in C D' E' a regular polygop- 
similar to ABC D, etc. 

From 0, the centre of the polygon ABC B, etc. 

draw 2> and C. 

From 0' the centre of the O C D" ^, 

draw 0' C and 0' D\ 

making the Z 0' = Z 6>. 

Draw C D'. 

Then C D' will he a side of the regular polygon required. 

For each polygon will have as many sides as the Z 
(= Z 0') is contained times in 4 rt. <^ . 

.'. the polygon C D' E', etc. is similar to the polygon 
CDE, etc., §372 

{ttoo regular polygons of the same nuniber of sides are similar). 

Q. E. F. 
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Proposition XX. Problem. 

400. To circumscribe about a circle a regular polygon 
similar to a given inscribed regular polygon. 

BMC 



Let HMRS, etc., he a given insciibed regular polygon. 

It w required to circumscribe a regular polygon similar 
to HMRS, etc. 

At the vertices H, M, /?, etc., draw tangents to the O, 
intersecting each other at -4, B, C, etc. 

Then the polygon ABC D, etc. will be the regular poly- 
gon required. 

Since the polygon ABC D, etc. 

has the same number of sides as the polygon H MRS^ etc., 

it is only necessary to prove that ABC D, etc. is a regular 
polygon. § 372 

In the A BHM a,nd C M R, 

nM=MR, §363 

(being sides of a regular polygon)^ 
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the A BHM, B MH, G M R, and OEM sue equal, § 209 
(beiiig measured by halves ofeqtial arcs) ; 

.-. the A BUM and GME are equal, § 107 

{Tiaving a side and two adjacent A of the mie equal respectively to a side and 

tvxi adjac&ixt A of the other). 

.\AB = Z.C, 

(being homologous A of equal ^ ). 

In like manner we may prove A C =^ Z. D, etc. 

.'. the polygon ABC B, etc., is equiangular. 

Since the A B H M^ GMR^ etc. are isosceles, § 241 
{pwo tangents dravmfrom the same point to aO are equal), 

, the sid es BH, BM, G M, G B, etc. are equal, 
{being hoTnologous sides of eqtml isosceles ^ ). 

.'. the sides AB, B G, G B, etc. are equal, Ax. 6 

and the polygon ABG D, etc. is equilateral. 

Therefore the circumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

Q.E F. 



Ex. Let R denote the radius of a regular inscribed polygon, 
r the apothem, a one side, A one angle, and G the angle at the 
centre ; show that 

1. In a regular inscribed triangle a = R V^, r = ^ R, 
A = 60% G= 120°. 

2. In an inscribed square a = Rs/2, r = ^ R \f2, A = 90°, 
G = 90% 

3. In a regular inscribed hexagon a = R, r = ^ R V^, 
^ = 120% (7 = 60°. 

4. In a regular inscribed decagon a = ^ > 

r = J 7? VlO + 2 \/5, ^ = 144°, ^ = 36°, 
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Proposition XXI. Problem. 

401. To find the value of the chord of one-half an arc, 

in terms of the chord of the whole arc and the radius of the 

circle. 

D 




H 



Let AB be the chord of arc A B and A D the chord 
of one-half the arc A B. 

It is required to find the value of A D in terms of AB and 
R {radius). 

From D draw D H through the centre 0, 

and draw A. 

ZT Z) is _L to the chord AB dX its middle point C, § 60 

(two poiT^Sf and /), equally distant from the extremities, A and B, de- 
termine the position of a A. to the middle point of A E). 

The Z ZT^ Z> is a rt. Z, § 204 

{being inscribed in a semicircle), 

.\A~Tl^ = DffX DC, §289 

(the square on one side of art. A is equal to th^ product of the hijpotemise by 
the adjoint segment made by the ± let fall fram the vertex ofthert. A ). 

Now DH^'IR, 

and DC = DO — CO-=R—CO', 

.'.A~lf = 2R{R—C0). 
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= v^ 



4^-.0*, 



4 
_ V4 7?2 - j^. 



In the equation ^^ = 2 ^ (7? — (76>), 

substitute for C its value V ^ ^^ ~ ^^^^ 



then uTD 



Since ^ (7 is a rt. A, 

Z0' = ^"5'+(702; §331 



= 2 ^ - i? (v/4 i?2 - j:s2\ 

Q. E. F. 

402. Corollary. If we take the radius equal to unity, 



"the equation AD^J^R^-R (sji m - A B^\ becomes 

AB^Jl- V4- J52. 
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Proposition XXII. Problem. 

403. To compute the ratio of the circumference of a 
circle to its diameter, approximately. 




Let C be the circumference and R the radius of a 
circle, 

_ C 

2R' 

C 



Since 



TT 



§376 



when R '• 
It is required to find the numerical value of ir. 



1, ^=2 



We make the following computations by the use of the 
formula obtained in the last proposition, 



AD-=J2- ^i-Ajf, 



No. 

Sides. 

12 

24 

48 

96 

192 

384 

768 



when A B ia & side of a regular hexagon : 
In a polygon of 

Form of Computation. 

AD = >j2^^I^ 
AI) = >/2-\/r- 



AD = \j2-sl4r- 



AD = ^2-^i — 



AD=>j 2-\l^- 
AD=-\j2-\JI^ 



AI) = )j2-)/i- 



.51763809)2 



.26105238)2 



.13080626)2 



.06543817)2 



.03272346)2 



Length of Side. 

.51763809 
.26105238 
.13080626 
.06543817 
.03272346 
.01636228 
.00818121 



Perimeter. 

6.21165708 
6.26525722 
6.27870041 
6.28206396 
6.28290510 
6.28311544 
6.28316941 



.01636228)2 

Hence we may consider 6.28317 as approximately the cir 
cumference of a O whose radius is unity. 

.-. TT, which equals 9. , = 6^28317 
^2 2 



w = 3.14159 nearly. 



Q. C. f 
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On Isoperimetrical Polygons. — Supplementary. 

404. Dep. Isoperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maodmum, and that which is smallest 
is a Minimum, 

Thus the diameter of a circle is the maximum among alJ 
inscribed straight lines; and a perpendicular is the minimum 
among all straight lines drawn from a point to a given straight 
line. 

Proposition XXIII. Theorem. 

406. Of all triangles having two sides respectively equal, 
that in which these sides iticlude a right angle is the muxi- 
mum. 




Let the triangles ABC and EBC have the sides A B 
and BC equal respectively to EB and BC; a-nd 
let the angle ABC be a right angle. 

We are to prove A ABO A EB G. 

From E, let fall the 1. E D, 

The A ABC and EBC, having the same base B C, are to 
each other as their altitudes A B and E B, § 326 

(A having the same hose are to each other as their altitvdes). 

Now EDh<EB, §52 

(a ± is the shortest distance from a point to a straight line). 

But EB = AB, Hyp. 

,\ED'\^<AB, 
.\ A ABO A EBC. 

Q. E. D. 
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Proposition XXIV. Theorem. 

407. Of all polygons formed of sides all given hut oney 
the polygon inscribed in a semicircle y having the undetermined 
side for its diameter y is the maximum, 

C 




Let AB, BC, C B, and D U be the sides of a polygon 
inscribed in a semicircle having A E tor its di- 
ameter. 

We are to prove the polygon ABODE the maximum of 
polygons having the sides A B, BO, By and B E, 

Froin any vertex, as C, draw A and E. 

Then the Z ^ (7^ is a rt. Z , § 204 

(being inscribed in a semicircle). 

Now the polygon is divided into three parts, ABO, ODE, 
and A E. 

The parts ABO and BE will remain the same, if the 
Z AO Ehe increased or diminished ; 

but the part AO E will be diminished, § 406 

{of all A having two sides respectively equal, that in which these sides in- 
clude art. A is the maximum). 

. ,', A B BE is the maximum polygon. 

Q. E. D. 
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Proposition XXV. Theorem. 

408. The maximum of all polygons formed of given sides 
can be inscribed in a circle. 





A A' 

Let ABODE he a polygon inscribed in a circle, and 
A'B'C'D' E' be a polygon, equilateral with re- 
spect to ABODE, but which cannot be inscribed 
in a circle. 

We are to prove 
the polygon ABODE>the polygon A' B' 0' D' E'. 

Draw the diameter A H, 

Zo\TvOH^\\^DH. 

Upon 0' D' (= D) construct the A 0' H' D' = A H D, 

and draw A' H'. 

Now the polygon ABO H>ihQ polygon A' B' 0' H', § 407 

(of all polygons formed of sides all given btU one, the polygon inscribed in a 
semicircle having the undetermined side for its diameter , is the mxixivium). 

And the polygon A ED ff> the polygon A' E' D' H', § 407 

. Add these two inequalities, then 

the polygon A B OHD E > the polygon A' B' 0' W D' E' , 

Take away from the two figures the equal J^ H D and 
O'H'D', 

Then the polygon ABO DE>i]iQ polygon A' B' 0' D' E'. 

Q. E. O. 
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Proposition XXVL Theoreil 

409. Of all triangles having the same base and equal 
perimeters, the isosceles triangle is the maximum. 



,^.H 




Let the AACB and ADB have equal perimeters, 
and let the AACB be isosceles. 

We are to prove AACB>AADB. 

Draw the Js CH and D F, 



AACB ^ CE 
AABB'^DF' 

having the same base are to ea^ch other as their altitudes). 



§326 



Produce AC to ff, making C II = A C, 



Draw HB. 



The Z. A B H \b a rt. Z, for it will be inscribed in the 
semicircle drawn from (7 as a centre, with the radius C B, 
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Fiom C let fall the ± CK-, 

and from Z> as a centre, with a ladios equal to DB^ 

describe an arc cutting HB produced, at P. 

Dtaw DPsudAP, 

and let fall the J. D 



Since Aff-=-AC+ CB-^AD-hDB, 

and AP<AD-^DP; 

.'.APKAD-k-DB; 

.'.AH> AP. 

.\Bn>BP. §56 

Now BK-^\BH, §113 

(a ± drawn from the vertex of an isosceles A bisects the base), 

and BM=^BP. §113 

But CE=-BK, §135 

(Il« comprehended between \\s are equal); 

and DF=BM, §136 

/. CE> DF. 
.\AACB>AAI>B. 

Q. E. D. 
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Proposition XXVII. Theorem. 

410. TAe maximum of isoperimetrical jiolygons of the 
same number of sides is equilateral. 



K 





Let ABCD, etc., be the maximum of isopezimetricsd 
polygons of any given number of sides. 

We are to prove AB, BO, G D, etc., equal. 

Draw A C, 

The A ABC must be the maximum of all the A which 
are formed upon A C with a perimeter equal to that oi A ABC. 

Otherwise, a greater AAKC could be substituted ioiAAB C, 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABC By etc., is the maximum polygon. 

.*. the A ABCyis isosceles, § 409 

(of all ^ Jiaving the same hose and equal perimeters, the isosceles t^ is the 

m^aximum). 

In like manner it may be proved that BC = C D, etc. 

Q. E. D. 

411. Corollary. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

{the maximum of isoperimetrical polygons of the same number of sides is 

equilateral). 

Also it can be inscribed in a O, § 408 

{the maximum of all polygons formed of given sides can be inscribed in a O). 

Hence it is regular, § 364 

(an equilcUeral polygon inscribed in a Q is regular). 
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Proposition XXVIII. Theorem. 

412. Of isoperimetrical regular polygons , that is greatest 
tohich has the greatest number of sides. 





Let Q be a regular polygon of three sides, and Q* be 

a regular polygon of four sides, each having the 
same perimeter. 

We are to prove Q^ "> Q. 

In any side AB oi <?, take any point D. 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A D and B B make with each 
other an Z. equal to two rt. A , 

Then the irregular polygon Q, of four sides is less than the 
regular isoperimetrical polygon Q' of four sides, § 411 

{the Tiiaximum of isoperimetrical polygons of the same number of sides is a 

regular polygon). 

In like manner it may be shown that Q* is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 



413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Proposition XXIX. Theorem. 

414. If a regular polygon he constructed with a given 
aretty its perimeter will be the leHS the greater the number 
of its sides. 




Q 






Let Q and Q' be regular polygons having the same 
area, and let Q' have the greater number of sides. 

We are to prove the perimeter of QXhe perim^eter of Q/, 

Let Q!' be a regular polygon having the same perimeter as 
^, and the same number of sides as Q, 

Then ^ is > ©'', § 412 

{pf isoperimetrical regular polygons, that is the greatest which, has the greatest 

number of sides). 



But 



.-. C is > Q', 



.•. the perimeter of C is > the perimeter of Q", 
But the perimeter of Q' = the perimeter of ^', Cons. 
.". the perimeter of ^ is > that of Q', 

Q. E. D. 

415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 
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On Symmetry. — Supplementary. 

416. Two points are Symmetrical when they are situated 
on opposite sides of, and at equal dutaiices from, a fixed point, 
line, or plane, taken as an object of reference. 

417. "When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Axis of Symmetry ; when a plane is taken, it is called the 
Flane of Symmetry, 

418. Two points are symmetrical with re- 
spect to a centre, if the centre bisect the straight 
line terminated by these points. Thus, P, P* 
are symmetrical with respect to (7, if (7 bisect 
the straight line PP*. 

419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry, 
Thus either G P ot C P is the radius of symmetry. 

420. Ttoo points are symmetrical with 
respect to an ascis, if the axis bisect at right 

angles the straight line terminated by these X 1 X* 

points. Thus, P, P are symmetrical with re- 
spect to the axis XX', if XX' bisect PP' at p, 
right angles. ' 




421. Ttoo points are 'symmetrical with 
respect to a plane, if the plane bisect at 
right angles the straight line terminated by 
these points. Thus P, P' are symmetrical 
with respect to MN, \i M N bisect P P' at 
right angles. 



M^ 



P* 



N 
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422. 7W plane figures are symmetrical with respect to a 

centre, an axis, or a plane, if every point of either figure have 

its corresponding symmetrical point in the other. 

A 
A 
i 




Fig. 1. 



Pig. 2. 



Fig. 8. 



Thus, the lines A B and A' B are symmetrical with respect 
to the centre C (Fig. 1), to the axis XX' (Fig. 2), to the plane 
MN (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 




Also, the triangles AB D and A' B D' are symmetrical with 
respect to the centre C (Fig. 4), to the axis XX' (Fig. 6), to the 
plane M N (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 
other. 

423. Def. In two symmetrical figures the corresponding 
symmetrical points and lines are called homologous. 
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Two symmetrical figures with respect to a centre can be 
brought into coincidence by revolving one of them in its owD 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Def. a single figure is a symmetrical figure^ either 

when it can be divided by an axis, or plane, into two figures 

symmetrical with respect to that axis or plane ; or, when it has 

a centre such that every straight line drawn through it cuts the 

perimeter of the figure in two points which are symmetrical 

with respect to that centre. 

C 





Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX', if divided by XX' into figures ABC D ^tA A BCD 
which are symmetrical with respect to XX', 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the centre of symmetry^ or to any 
diameter as the axis of symmetry. 



^ 
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Proposition XXX. Theorem. 

425. Two equal andjparallel lines are symmetrical with 

respect to a centre, 

A B 




B Af 

Let A B and A' B* be equal and parallel lines. 

We are to prove A B and A' B' symmetrical. 

Draw A A' and B B', and through the point of their inter- 
section G, draw any other line HCH'y terminated in ^^ and 
A'B'. 

Inthe AC^^andC^'iB' 

AB=^A'B', Hyp. 

also, A A and B = A A' and B' respectively, § 68 

(being alt. -int. A ), 

,\ACAB=-A CA'B'] § 107 

.*. C A and CB =" C A' and C B' respectively, 
{ficiivg hoinologovLS sides of eqital ^). 

Now in the A AC H a,nd A' H' 

AC = A'C, 

A A and AC H = A A' and A* C W respectively, 

.'.AACH=AA'CH', § 107 

(having a side and two adj. A of the one equal respectively to a side and two 

adj. A of the other). 

,\CH-=CH', 

(being homologous sides of equal S^ ). 

,', H' is the symmetrical point of H, 

But H is any point in ^ ^ ; 

.'. every point in A B has its symmetrical point in A' B^, 

,\ A B and A' B' are symmetrical with respect to (7 as a 
centre of symmetry. 

Q. E. D. 

426. Corollary. If the extremities of one line be re- 
spectively the syrametricals of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. 
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Proposition XXXI. Theorem. 

427. If a figure he symmetrical with respect to two axes 
perpendicular to each other, it is symmetrical with respect 
to their intersection as a centre. 



Xf 




O 




Let the Hgure ABCDEFGH he symmetrical to the 
two axes XX\ YY' which intersect at 0, 

We are to prove the centre of symmetry of the figure. 

Let / be any point in the perimeter of the figure. 

Draw IKL J. to XX', and I M N 1. to YY'. 

JoinZO, ON, and ^ if. 

Now KI=KL, §420 

{the figure being symmetrical with respect to X Xf). 

But KI=OM, §135 

(II5 compreJiended between lis are egual). 

.\KL=OM. Ax. 1 

.'. K LO M is 3. O, § 136 

(having two sides equal and parallel). 

.', LO is equal and parallel to K M, § 134 

{being opposite sides of a CJ). 

In like manner we may prove N equal and parallel to KM. 

Hence the points Z, 0, and N are in the same straight line 
drawn through the point ^io KM. 

Also LO^ON, 

(since each is eqiial to K M). 

.'.any straight line LO N, drawn through 0, is bisected at 0. 
,'. is the centre of symmetry of the figure. § 424 

Q. E. D. 
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Exercises. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle ABC hj a, by c, the alti- 
tude by p, and by s. 

Show that 

^^ 2c ' 

and show that 




^a = 52— \ — L 

4:r 



P 



P 



__V/46V-(62+c2_^2)a 



2c 



__\/ {b+ c-\- a) (b + c— a) {a + b- c) {a— b + c) 



2c 



Hence, show that area of A A B C, which is equal to 



cXp 



= {)/ {b-{-c + a)(b + c — a){a-\-b-c){a-b + c), 
= \ s{s — a) (« —• b) (s — c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by a, is equal to — j- . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains ] 

4. How many feet are contained in a triangle each side of 
which is 75 feet ) 



/ 



